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A novel approach of combining the practical appeal of Kalman filtering with the design of an optimal alarm system
for the prediction of level-crossing events was introduced in earlier work. Here, the aim is to perform a more
detailed extreme value analysis using the critical threshold that enables definition of the level-crossing event. It
will be rigorously proven that the approximations and baseline methods previously used yield important intuitive
conclusions about the impact of low measurement noise and high levels on improved capability of level-crossing
predictors. Where possible, elegant closed-form solutions for a well-known alarm system metric in face of those
limiting considerations are also provided.
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1. INTRODUCTION

In earlier work (Martin, 2010), a novel state-space approach to the optimal alarm systems literature was introduced, which
contributed to the Kalman filter-based fault detection literature from a different theoretical angle. Originally, it was shown by
Svensson (1998) and Svensson et al. (1996) that an optimal alarm system can be constructed by finding relevant alarm system
metrics as a function of a design parameter by way of an optimal alarm condition. These alarm system metrics are often derived from
those that are used in receiver operating characteristic (ROC) curve analysis, enabling the design of tradeoffs between false alarm and
missed detection probabilities. The optimal alarm condition is fundamentally an alarm region or decision boundary based on a
likelihood ratio criterion via the Neyman–Pearson lemma (de Maré, 1980; Lindgren, 1985). This allows for the design of an optimal
alarm system that will elicit the fewest possible false alarms for a fixed detection probability. This becomes important when
considering the numerous applications that might benefit from an intelligent tradeoff between false alarms and missed detections.
An extreme value analysis using the critical threshold that enables definition of the level-crossing event will be investigated, to secure
limiting conditions related to certain approximations to the optimal level-crossing predictor and baseline methods for comparison
that were also previously introduced (Martin, 2010).

There are several examples of level-crossing events, varying from a simple one-sided case to a more complicated two-sided case.
The former one-sided case involves exceedances and/or upcrossings of a single level by a discrete-time process. The difference
between exceedances and upcrossings is related to the number of time points spanned by the event. An exceedance is a one-
dimensional level-crossing event, where some critical threshold level is exceeded by a process involving only a single time point. An
upcrossing is a two-dimensional level-crossing event, such that some critical threshold level is exceeded by a process involving two
adjacent time points. The process is below the threshold at the first time point and above the threshold at the second time point.
One-sided exceedances and upcrossings have traditionally been studied in previous work and invoke ARMA(X) prediction methods
(de Maré, 1980; Lindgren, 1985; Svensson et al., 1996; Svensson, 1998). The two-sided case involves a level-crossing event that spans
many time points, exceeding upper levels and fading below lower levels symmetric about the mean of the process. A variant of the
latter more complicated two-sided case has been previously investigated in the context of Kalman filter-based fault detection
algorithm development (Kerr, 1982). This case is more practically relevant when monitoring residuals that may be derived from the
output of other machine learning algorithms or transformed parameters that relate to critical performance of a system or process.
The two-sided case was also investigated in the earlier work (Martin, 2010) and serves as a precursor to this article. As such, it will be
investigated here as well.

The prediction of such a level-crossing event is also very similar to what has been established as the state of the art for newly
minted spacecraft engines, as previously studied by Butas et al. (2007); however there were no optimality measures in place. This
provides additional practical motivation for investigating a level-crossing event that spans many time steps, moving beyond what
has previously been studied in this vein. In general, the design of optimal alarm systems demonstrates practical potential to enhance
reliability and support health management for space propulsion, civil aerospace applications, and other related fields. Because of the
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great costs, not to mention potential dangers associated with a false alarm due to evasive or extreme action taken as a result of false
indications, there are great opportunities for cost savings/cost avoidance and enhancement of overall safety. Nonetheless, the intent
of this article is to demonstrate the utility of optimal level-crossing prediction from a more theoretical perspective.

Optimal alarm regions cannot be expressed in closed form, and thus ROC curve analysis must be performed either empirically or
with a computationally prohibitive generic Monte Carlo numerical integration routine where the integration region is given by
storing precomputed points along the boundary of the alarm region (Svensson, 1998). As such, one of the aims of the previous study
(Martin, 2010) was to investigate approximations for the design of an optimal alarm system. The resulting false alarm and missed
detection probabilities that can be derived from ROC curve analysis were also compared to competing baseline methods and may
provide some level of predictive capability, but have no provision for minimizing false alarms for the prediction of level-crossing
events. When using approximations to the theoretically optimal predictor for a stationary linear Gaussian process, it was
demonstrated that there was a negligible loss in overall accuracy at the advantage of greatly reduced computational complexity. The
negligibility of the loss in accuracy was demonstrated by comparing approximations to the optimal level-crossing predictor to the
baseline methods. The approximations clearly outperformed the baseline methods; however, it was also observed that caution
needed to be exercised when using these approximations in the design of alarm systems when they are defined with small threshold
values. The character of these approximations and competing baseline methods when considering extreme values is thus one of the
key objectives of this study.

As such, this article presents an extreme value analysis of all approximations to the optimal level-crossing predictor, as well as
competing baseline methods. These alarm systems can be used to bootstrap an investigation into intuitive observations in face of
the relevant limiting considerations that may also translate into providing some insights about performance for typical critical
threshold values. All of the limiting considerations described herein will be evaluated using the area under the ROC curve (AUC), for
which closed-form relationships can be derived under certain technical conditions. The AUC is a performance metric that
characterizes the ability of an alarm system to accurately predict the level-crossing event. More precisely, it quantifies the Mann-
Whitney–Wilcoxon U-test statistic, which is equivalent to the probability of correctly ranking two randomly selected data points, one
belonging to the level-crossing event class and the other not. The AUC has been deemed as a theoretically legitimate metric for
model selection and algorithmic comparison (Bradley, 1997). Closed-form expressions for the AUC will be derived explicitly as a
function of relevant system parameters where possible.

2. METHODOLOGY

2.1. Preliminaries

The investigation of all alarm systems will be conducted in the context of predicting a level-crossing event defined with a critical
level, L, that is assumed to have a fixed, static value. The level is exceeded by some critical parameter than can be represented by a
dynamic process and is often modelled as a zero-mean stationary linear dynamic system driven by Gaussian noise. The theory that
follows is based on this standard representation of the optimal level-crossing problem. As such, it is an underlying assumption that
measured or transformed data can be fitted well to a model represented by a linear dynamic system driven by Gaussian noise. The
state-space formulation is shown in eqns (1)–(3), demonstrating propagation of the state, xk 2 Rn which is corrupted by process
noise wk 2 Rn. For convenience of presentation, it will be assumed that propagation of all state covariance matrices can reasonably
well be approximated by their steady-state counterparts. This approximation, while it introduces error with regards to the probability
of a level-crossing event at a specific point in time, is ostensibly negligible and will provide for a great computational advantage in
the design of an alarm system. Instead of designing an alarm system for each time step, a single alarm system can be designed for all
time steps. The approximation is based on the limiting statistics that are reached at steady-state, which greatly reduces the
computational burden, as previously identified (Martin, 2010). As such, the solution of the steady-state Lyapunov function, PL

ss,
suffices for evolution of the unconditional state covariance matrix. The output yk 2 R is univariate and is corrupted by measurement
noise vk 2 R.

xkþ1 ¼ Axk þwk; ð1Þ

yk ¼ Cxk þ vk; ð2Þ

PL
ss ¼ APL

ssA> þ Q; ð3Þ

where

wk � Nð0;QÞ; Q � 0

vk � Nð0; RÞ; R > 0:

A summary of the basic mathematical notation not defined elsewhere is provided in Table 1. There is great flexibility in
constructing a mathematical representation for the level-crossing event, Ck; however, in this article the event of interest is shown in
eqn (4). This level-crossing event represents at least one exceedance outside of the threshold envelope specified by [�L,L] of the
process yk within the specified look-ahead prediction window, d.
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Ck ,

[d

j¼1

Skþj ¼
[d

j¼1

E0kþj ¼ I n
\d

j¼1

Ekþj; ð4Þ

where

Ekþj , fjykþjj < Lg; 8j � 1;

Skþj ,

E0kþj j ¼ 1Tj�1
i¼1 Ekþi; E0kþj 8j > 1.

(

The level-crossing event Ck represents at least one exceedance over the span of d time steps. Mathematically, it can also be
represented as the union of disjoint subevents,

Sd
j¼1 Skþj , or as the union of overlapping subevents,

Sd
j¼1 E0kþj . E0kþj is based on the

subevent Ek+j, and represents an exceedance at the jth time step. Sk+j is a sequence of such subevents, of which only the jth
represents an exceedance. Equation (5) represents the unconditional probability of the level-crossing event in its most compact
representational form.

PðCkÞ ¼ 1�
Z L

�L

� � �
Z L

�L

Nðyd; lyd
;Ryd
Þ dyd; ð5Þ

where

yd ,

ykþ1

..

.

ykþd

2
664

3
775; lyd

¼ 0d ¼
0

..

.

0

2
64
3
75;

kc,CPL
ssC> þ R;

Ryd
,

kc 8i ¼ j 2 ½1; . . . ; d�
CAj�iPL

ssC> 8j > i 2 ½1; . . . ; d�.

�
The mathematical underpinnings for the optimal alarm condition corresponding to the level-crossing event, shown here as eqn

(6), have previously been introduced in Martin (2010). Alternatively, the optimal alarm condition can be expressed in terms of the
subevents Ek+j, as shown in eqn (7).

PðCk j y0; . . . ; ykÞ � Pb; ð6Þ

P
\d

j¼1

Ekþj j y0; . . . ; yk

 !
� 1� Pb: ð7Þ

The optimal alarm condition has therefore been derived from the use of the likelihood ratio resulting in the conditional inequality
as given in eqn (6). This basically says ‘give alarm when the conditional probability of the event, Ck, exceeds the level Pb’. However,
prior to implementing this simple algorithmic decision rule, it is necessary to find the alarm regions defined by this inequality to
design the alarm system according to specified missed detection and/or false alarm constraints (i.e. ROC curve analysis). The alarm
region is parameterized by predicted future process output values, covariances, and Pb, the ‘border’ probability. Pb is an extremely
important parameter, as it effectively defines the space spanned by the alarm region and therefore controls the tradeoff between
false alarms and missed detections. It is thus chosen with respect to these metrics and is the key parameter used for design of an
optimal alarm system.

Table 1. Summary of mathematical notation

Mathematical representation Nomenclature

, is defined as
n Set subtraction
� Positive semi-definite
(•)
0

Not (Set complement)
I Universe of all events
(•)> Transpose
P(	) Probability
E[	] or l	 Expected value
VC[	] Variance–covariance matrix
	̂kþjjk E½	 j y0; . . . ; yk � (conditional expectation)
U(	) Univariate Gaussian cumulative distribution function
/(	) Univariate Gaussian probability density function
Nðl;RÞ Multi-variate Gaussian distribution with mean l and covariance R
Nðx; l;RÞ Multi-variate Gaussian distribution evaluated at x with mean l and covariance R
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Implementation of the optimal alarm system hinges on use of standard Kalman filter and predictor equations which are omitted for
the sake of brevity. However, it is important to introduce relevant predicted future process output values, covariances and cross-
covariances, given in eqns (8)–(10) respectively. These equations rely on Kalman filter formalisms and will be used in subsequent
formulae. PR

ss is the solution to the discrete algebraic Riccati equation (eqn 11), and P̂R
ss is the steady-state a posteriori covariance matrix

given in eqn (12), where both rely on the Kalman gain defined in eqn (13). The approximations shown in eqns (9) and (10) will provide
for a great computational advantage in design of the optimal alarm system and its corresponding approximations for reasons stated
previously. The assumption of stationarity is required for the design of an optimal alarm system, and holds here as well.

ŷkþjjk ¼ CAjx̂kþjjk; ð8Þ

Pkþjjk 
 AjðP̂R
ss � PL

ssÞðA>Þ
j þ PL

ss; ð9Þ

Pkþi;kþjjk 
 AjðP̂R
ss � PL

ssÞðA>Þ
i þ Aj�iPL

ss; ð10Þ

PR
ss ¼ A PR

ss � FssCPR
ss

� �
A> þ Q; ð11Þ

P̂R
ss,PR

ss � FssCPR
ss; ð12Þ

Fss,PR
ssC>ðCPR

ssC> þ RÞ�1: ð13Þ

A more formal representation of the optimal alarm region is shown in eqn (15), which essentially defines a sublevel set, L�A ðgÞ, of
the function shown in eqn (14), gðŷdÞ. Equation (15) plays a pivotal role in enabling enforcement of the alarm region for an optimal
alarm system. Using this condition allows it to outperform other alarm systems with respect to the minimization of false alarms.

gðŷdÞ, P
\d

j¼1

Ekþj j y0; . . . ; yk

 !
; ð14Þ

Ak ,

\d

i¼1

ŷkþijk : P Ck j y0; . . . ; ykð Þ � Pb

( )

¼
\d

i¼1

ŷkþijk : Pð
\d

j¼1

Ekþj j y0; . . . ; ykÞ � 1� Pb

( )

¼ fŷd : gðŷdÞ � 1� Pbg
¼ L�A ðgÞ;

ð15Þ

where

ŷd , E½yd j y0; . . . ; yk� ¼
ŷkþ1jk

..

.

ŷkþdjk

2
64

3
75:

Equations (17) and (18) give the integral form of eqn (14), a multi-variate normal probability to be computed numerically. It should
be noted that an important boundary condition exists for gðŷdÞ, shown in eqn (16), given eqns (5), (17), and (18).

gðlyd
Þ ¼ gð0dÞ; ð16Þ

gðŷdÞ ¼ P
\d

j¼1

Ekþj j y0; . . . ; yk

 !
¼
Z L

�L

� � �
Z L

�L

Nðyd; ŷd;Red
Þdyd ð17Þ

¼
Z L�ŷkþ1jk

�L�ŷkþ1jk

� � �
Z L�ŷkþdjk

�L�ŷkþdjk

Nðyd; 0d;Red
Þdyd; ð18Þ

where

ed , yd � ŷd;

Red
,

Vkþijk 8i ¼ j 2 ½1; . . . ; d�
CPkþi;kþjjkC> 8i 6¼ j 2 ½1; . . . ; d�,

(

Vkþijk ,CPkþijkC> þ R:
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The feasible region for values of Pb can easily be determined by applying an intermediate value theorem from calculus which
provides sufficient conditions for finding a level set solution. The sufficient conditions are shown in eqns (19) and (20), and the
resulting level set LA(g) is shown in eqn (21).

gðlyd
Þ � 1� Pb; ð19Þ

lim
jŷd jnŷkþjjk!1

gðŷdÞ < 1� Pb; 8j 2 ½1; . . . ; d�; ð20Þ

LAðgÞ, fŷd : gðŷdÞ ¼ 1� Pbg; ð21Þ

Pbcrit
¼ 1� gðlyd

Þ ¼ 1� gð0dÞ: ð22Þ

The notation that represents the limiting condition shown in eqn (20) is jŷdj n ŷkþjjk ! 1, and it is meant to indicate that
all elements of ŷd other than ŷkþjjk approach ±1. Application of this condition yields Pb < 1, which is true by definition,
and application of the sufficient condition shown in eqn (19) yields Pb � Pbcrit

. Pbcrit
is defined for the optimal alarm region in eqn (22)

and can be derived from the previous observation about an existing boundary condition, gðlyd
Þ ¼ gð0dÞ. Thus, the feasible region

for Pb is Pb 2 ½1� gð0dÞ; 1�. It is important to note that any approximation to the optimal alarm region may change the value
for Pbcrit

.
It is not possible to obtain a closed-form representation of the parametrization for the optimal alarm region shown in eqn (15). As

such, a Monte Carlo approach must be used to generate relevant alarm design (ROC curve) statistics. This allows the ROC curve
statistics to be estimated empirically with observational truth data generated from the existing model and corresponding
computations of the conditional probability of level-crossing events given by eqns (17) and (18). However, with the aid of two
distinct approximations or competing alternatives, ROC curve statistics can be generated by numerically integrating expressions for
the computation of relevant multi-variate normal probabilities. These multi-variate probability computations are performed by using
an adaptation of a special purpose algorithm (Genz, 1992), which is based on a robust and computationally efficient technique
designed to be used for integrations in multiple dimensions for multi-variate normal distributions. This provides a tool necessary for
the design of approximations to an optimal alarm system. As such, computationally intensive simulation runs using MonteCarlo
empirical estimation or computationally prohibitive generic Monte Carlo numerical integration routines where the integration region
is given by storing precomputed points along the boundary of the alarm region (Svensson, 1998) can be avoided.

The two approximations and competing alternatives will allow the formulae for the true and false positive rates to be computed by
appealing to eqns (23) and (24). These are the two primary equations that provide the basis of alarm system design, and represent
the metrics used to construct the ROC curve. The extreme value analysis conducted in this article hinges upon the use of these
formulae as a starting point.

True positive rate:

Pd ¼ PðAk j CkÞ ¼
PðCk;AkÞ

PðCkÞ
:

ð23Þ

False positive rate:

Pfa ¼ PðAkjC0kÞ ¼
PðC0k;AkÞ

PðC0kÞ

¼ PðAkÞ � PðCk;AkÞ
1� PðCkÞ

:

ð24Þ

The formula for P(Ck) has already been introduced in eqn (5) and holds regardless of the alarm system being used. Thus, only the
additional expressions for PðCk; AkÞ and P(Ak) are necessary for computing Pd and Pfa, specific to the alarm system under
consideration.

2.2. Alarm system formulation details

Two competing baseline alternatives, the ‘redline’ and ‘predictive’ alarm systems, will be compared with the optimal alarm system
approximations. They will also attempt to predict the level-crossing event defined by eqn (4). The redline alarm system defines an
envelope, ½�LA; LA�, outside of which an alarm will be triggered to forewarn of the impending level-crossing event. Thus, it is a simple
alarm level crossing used to predict a second more critical level-crossing. In this case two levels are used: L as the critical threshold
and LA as the design threshold. The probabilities necessary to compute Pd and Pfa based on eqns (23) and (24) for this alarm system
are provided in eqns (26)–(29), where a redefinition of Ak in eqn (25) now holds, such that the alarm is based only on the current
process value.

Ak ¼ fjykj > LAg; ð25Þ

PðAkÞ ¼ Pðjykj > LAÞ; ð26Þ
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¼ 2U
�LAffiffiffiffiffi

kc

p
� �

; ð27Þ

PðCk; AkÞ ¼ PðCkÞ � PðA0kÞ þ PðC0k;A0kÞ; ð28Þ

PðC0k;A0kÞ ¼
Z LA

�LA

Z L

�L

� � �
Z L

�L

Nðz; lz;RzÞdz; ð29Þ

where

z,
yk

yd

� 	
;

lz,
lyk

lyd

" #
¼ 0dþ1;

Rz,
kc Kc

K>c Ryd

� 	



kc 8i ¼ j 2 ½0; . . . ; d�
CAj�iPL

ssC> 8j > i 2 ½0; . . . ; d�

�
;

Kc ¼ CPL
ssA>O>:

O,

C

..

.

CAd�1

2
64

3
75:

The ‘predictive’ alarm system incorporates the use of predicted future process values and defines the same envelope, ½�LA; LA�,
outside of which an alarm will be triggered to forewarn of the impending level-crossing event. However, the alarm definition differs
from the redline method as shown in eqn (30). The predicted future process value ŷkþdjk is found from standard Kalman filter eqn (8).
The probabilities necessary to compute Pd and Pfa based on eqns (23) and (24) for this alarm system are provided in eqns (31)–(34).

Ak ¼ fjŷkþdjkj > LAg; ð30Þ

PðAkÞ ¼ Pðjŷkþdjkj > LAÞ ð31Þ

¼ 2U
�LAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kc � Vkþdjk
p
 !

; ð32Þ

PðCk; AkÞ ¼ PðCkÞ � PðA0kÞ þ PðC0k;A0kÞ; ð33Þ

PðC0k;A0kÞ ¼
Z L

�L

� � �
Z L

�L

Z LA

�LA

Nðz; lz;RzÞdz; ð34Þ

where

z,
yd

ŷkþdjk

" #
;

lz,

lyd

lŷkþdjk

" #
¼ 0dþ1;

Rz,
Ryd

K>a
Ka kc � Vkþdjk

" #
;

Ka ¼ CAdðPL
ss � PR

ssÞO>:

The first approximation to the optimal alarm system is termed the ‘closed-form’ approximation. Fundamentally, this
approximation is constructed by solving for asymptotic bounds on the exact alarm region. By using asymptotes, a geometrical
approximation is implicitly formed with a hyperbox around the alarm region. By using two successive approximations to find these
asymptotes as previously described in Martin (2010), the alarm region Ak ¼ L�A ðgÞ can be approximated in ‘closed-form’. The first
approximation is Ak ¼ L�A ðgÞ 


Sd
j¼1 Aj

k , and the second approximation uses the definition of Aj
k given in eqns (36) and (37). The

expression for the asymptotic bounds, LAj
, is shown in eqn (35). The closed form approximation domain of feasibility is Pb 2 ½Pbcrit

; 1�
where Pbcrit

is given in eqn (38), again as previously derived in Martin (2010).
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LAj
, Lþ

ffiffiffiffiffiffiffiffiffiffiffi
Vkþjjk

q
U�1ðPbÞ; ð35Þ

Aj
k ¼ fŷkþjjk : PðEkþjjy0; . . . ; ykÞ � 1� Pbg ð36Þ


 jŷkþjjkj � LAj
; ð37Þ

Pbcrit
¼ U

�Lffiffiffiffiffiffiffiffiffiffiffiffi
Vkþdjk

p
 !

: ð38Þ

The second approximation to be investigated is termed the ‘root-finding’ approximation, as previously described (Martin, 2010). As
with the ‘closed-form’ approximation, fundamentally this approximation is constructed by solving for asymptotic bounds on the
exact alarm region. Again, by using asymptotes, a geometrical approximation is implicitly formed with a hyperbox around the alarm
region. However, instead of using two successive approximations to find the asymptotes, the alarm region Ak ¼ L�A ðgÞ can be
approximated with a single approximation Ak ¼ L�A ðgÞ 


Sd
j¼1 XAj

by solving a root-finding problem which yields bounding
asymptotes. The root-finding problem, eqn (42), can be solved numerically. An alternate definition for LAj

is also used, which
overloads the same notation used for the ‘closed-form’ approximation asymptotes. Supporting expressions for f ðŷkþjjkÞ and XAj

are
given in eqns (39) and eqns (40) and (41) respectively.

f ðŷkþjjkÞ ¼
Z L

�L

� � �
Z L�ŷkþjjk

�L�ŷkþjjk

� � �
Z L

�L

Nðyd; 0d;Red
Þdyd; ð39Þ

XAj
¼ fŷkþjjk : f ðŷkþjjkÞ � 1� Pbg ð40Þ

¼ fjŷkþjjkj � LAj
g; ð41Þ

LAj
, fjŷkþjjkj : f ðŷkþjjkÞ ¼ 1� Pbg: ð42Þ

Furthermore, the feasible region for values of Pb 2 ½Pbcrit
; 1� is the same for the root-finding method as for the optimal alarm

region, where Pbcrit
¼ PðCkÞ1� gð0dÞ as given in eqn (22). For both of these approximations to the optimal alarm system, eqns (43)

and (44) can be used.

PðAkÞ ¼
1� PðA0kÞ Pb > Pbcrit

1 Pb ¼ Pbcrit

�
;

ð43Þ

PðCk;AkÞ ¼
PðCkÞ � PðA0kÞ þ PðC0k;A0kÞ Pb > Pbcrit

PðCkÞ Pb ¼ Pbcrit

�
;

ð44Þ

where

PðA0kÞ, P
\d

j¼1

jŷkþjjkj < LAj

 !

¼
Z LA1

�LA1

� � �
Z LAd

�LAd

Nðŷd; lyd
;Rŷd
Þ dŷd;

and

LAj
:Asymptotic bound on alarm region formed by either approximation

Rŷd
,Ryd

� Red

¼ OðPL
ss � PR

ssÞO>:

Since the predictor ŷd (with covariance matrix Rŷd
) and the residual ed (with covariance matrix Red

) are uncorrelated, a more
intuitive way to express the relationship between the corresponding covariance matrices is Ryd

¼ Rŷd
þ Red

.

Furthermore,

PðC0k;A0kÞ ¼ P
\d

j¼1

Ekþj;
\d

j¼1

jŷkþjjkj < LAj

 !

¼
Z L

�L

� � �
Z L

�L

Z LA1

�LA1

� � �
Z LAd

�LAd

Nðz; lz;RzÞdz;
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where

z,
yd

ŷd

� 	
;

lz,
lyd

lyd

" #
;

Rz,
Ryd

Rŷd

Rŷd
Rŷd

" #
:

2.3. Small value level-crossing prediction

In general, solutions to problems given by eqns (45) and (46) must precede finding the solution to eqn (47). As such, eqn (48) follows
naturally from the fact that limL!0 PðCkÞ ¼ 1, by using eqn (5) and applying eqns (23) and (24).

P0
fa, lim

L!0
Pfa; ð45Þ

P0
d , lim

L!0
Pd; ð46Þ

AUC0, lim
L!0

AUC; ð47Þ

P0
d ¼ lim

L!0
P Ck;Akð Þ ¼ lim

L!0
PðAkÞ: ð48Þ

To find a well-defined limit for P0
fa, l’Hôpital’s rule must be invoked due to the fact that it is in an indeterminate form. For the

redline and predictive methods, applying l’Hôpital’s rule yields eqns (49) and (50) respectively, which are both derived using
Theorems 3 and 4 provided in Appendix A.

P0
fa ¼ 2U

�LA

ared

ffiffiffiffiffi
kc

p
� �

; ð49Þ

P0
fa ¼ 2U

�LA

apred

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc � Vkþdjk

p
 !

; ð50Þ

where

ared,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KcR
�1
yd

K>c
kc

s
;

apred,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KaR
�1
yd

K>a
kc � Vkþdjk

s
:

Combining eqns (48) and either (49) or (50), P0
d can be expressed as a function of P0

fa as shown in eqn (51). The solution to AUC0 is
given in eqn (52), and its generic derivation is provided in Theorem 5 in Appendix A. This formula can be used for either the redline or
predictive methods in the case where a¼ared or a¼apred respectively.

P0
d ¼ 2U aU�1 P0

fa

2

� �� �
; ð51Þ

AUC0 ¼
Z 1

0

P0
dðP0

faÞdP0
fa

¼ 1� 2

p
arcsin

affiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2
p
� �

¼ 1� 2

p
arctan a:

ð52Þ

As it turns out, eqns (48)–(52) are valid when d � 1 due to the fact that the alarm region is one-dimensional. As such, the closed
form expression for AUC0 shown in eqn (52) can be expressed explicitly as both a function of d, and other model parameters. These
ideas will be explored further in Section 4.
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For the ‘closed-form’ approximation, if d ¼ 1, eqn (53) holds, following naturally from a special case of eqn (57) shown later.

P0
d ¼ lim

L!0
PðCk; A1

kÞ ¼ lim
L!0

PðA1
kÞ

¼ 2Uð�acf U
�1ðPbÞÞ Pb > 0:5

1 Pb ¼ 0:5

�
;

ð53Þ

where

acf ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vkþ1jk

kc � Vkþ1jk

s
:

As before, to find a well-defined limit for P0
fa, l’Hôpital’s rule must be invoked. Thus, eqn (54) holds by applying l’Hôpital’s rule, and

the derivation is provided in Corollary 1 in Appendix A.

P0
fa ¼

2ð1� Uðbcf U
�1ðPbÞÞÞ Pb > 0:5

1 Pb ¼ 0:5;

�
ð54Þ

where

bcf ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

cf

q
¼ kc

kc � Vkþ1jk
:

Combining eqns (53) and (54), P0
d can be expressed as a function of P0

fa as shown in eqn (55). The solution to AUC0 is given in eqn
(56), and its derivation is provided in Theorem 2 in Appendix A.

P0
d ¼ 2U �acf bcf U

�1 1� Pfa

2

� �� �
: ð55Þ

AUC0 ¼
Z 1

0

P0
dðP0

faÞ dP0
fa

¼ 1� 2

p
arcsin

cffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2
p
� �

¼ 1� 2

p
arctan c

¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcVkþ1jk

p
kc � Vkþ1jk

 !
;

ð56Þ

where

c, acf bcf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcVkþ1jk

p
kc � Vkþ1jk

:

When d > 1, it is not possible to derive a closed form expression for AUC0 as a function of model parameters. However, it is
possible to find simplified expressions for P0

d and P0
fa, which are given in eqns (57) and (58) respectively. Here AUC0 can be computed

numerically for various values of Pb. Equations (57) and (58) are thus generalizations of eqns (53) and (54) that were respectively
expressed in closed-form when d ¼ 1. Detailed proofs for eqns (57) and (58) (for d > 1) are provided in Theorem 1, which can be
seen in Appendix A. Similarly, detailed proofs for eqns (53) and (54), which naturally follow from Theorem 1, are also provided in
Corollary 1 in Appendix A.

P0
d ¼ lim

L!0
P Ck;

[d

j¼1

Aj
k

 !
¼ lim

L!0
P
[d

j¼1

Aj
k

 !

¼ 1� Pð
Td

j¼1 jŷkþjjkj � L0
Aj
Þ Pb > 0:5

1 Pb ¼ 0:5;

( ð57Þ

P0
fa ¼

1� P
Td

j¼1 jŷkþjjkj � L0
Aj


 �
Pb > 0:5

1 Pb ¼ 0:5;

(
ð58Þ
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where

P
\d

j¼1

jŷkþjjkj � L0
Aj

 !
¼
Z L0

A1

�L0
A1

� � �
Z L0

Ad

�L0
Ad

N ŷd; 0d;Rŷd
� Rŷd

R�1
yd

R>ŷd


 �
dŷd

L0
Aj
,

ffiffiffiffiffiffiffiffiffiffiffi
Vkþjjk

q
U�1ðPbÞ:

For the root-finding approximation method, all of limiting results as L ! 0 change dramatically due in part to the much different
domain of feasibility for Pb as compared to the ‘closed-form’ approximation. As pointed out in the previous section, the domain of
feasibility or feasible region for values of Pb 2 ½Pbcrit

; 1� is the same for the root-finding method as for the optimal alarm region, unlike
the closed-form approximation. Solutions to the small value level-crossing prediction problem 8d � 1 can be combined, because it
will be found that there is no distinction between the solutions for the cases d ¼ 1 and d > 1 as there was with the closed-form
approximation. In fact, it can be proven that the solution is theoretically prohibitive by recognizing the limiting value for
Pbcrit

¼ 1� gð0dÞ shown below:

lim
L!0

Pbcrit
¼ lim

L!0
1� gð0dÞ

¼ 1:

Since the resulting revised domain is Pb 2 [1,1] when L ! 0, the only value in the domain is the maximum value of Pb ¼ 1
for the root-finding approximation. As shown below, it then follows that any value of ŷkþjjk suffices for L0

Aj
, given eqns (39) and

(42).

lim
L!0

f ðŷkþjjkÞ ¼ 0; 8ŷkþjjk

and L0
Aj
¼ fjŷkþjjkj : Pb ¼ 1g:

This implies that the resulting alarm system will never yield positive indications of the level-crossing event. As such, intuitively it
makes sense that Pd ¼ 0 and Pfa ¼ 0, which are proven mathematically in eqns (59) and (60).

lim
L!0

Pd ¼ lim
L!0

P Ck;
[d

j¼1

XAj

 !
¼ lim

L!0
P
[d

j¼1

XAj

 !
¼ 1� P

\d

j¼1

jŷkþjjkj � 1
 !

¼ 0; ð59Þ

lim
L!0

Pfa ¼ 1� P
\d

j¼1

jŷkþjjkj � 1
 !

¼ 0: ð60Þ

As there is only a single alarm point, a fully formed ROC curve cannot be formed and it is thus impossible to compute or find an
expression for the AUC as was performed for the closed form approximation.

2.4. Large value level-crossing prediction

In general, we will cover solutions to the problems given by the definitions shown in eqns (61)–(63) in this section.

P1fa , lim
L!1

Pfa; ð61Þ

P1d , lim
L!1

Pd; ð62Þ

AUC1, lim
L!1

AUC: ð63Þ

For both the redline and predictive methods, solutions to eqns (61) and (62), 8d � 1, are provided in eqns (64) and (65)
respectively.

P1fa ¼ lim
L!1

PðAkÞ � PðCk;AkÞ
1� PðCkÞ

¼ lim
L!1

PðC0kÞ � P C0k;A0k
� �

PðC0kÞ

¼ lim
L!1

P
Td

j¼1 jykþjj < L

 �

� P
Td

j¼1 jykþjj < L;A0k


 �
P
Td

j¼1 jykþjj < L

 �

¼ PðAkÞ;

ð64Þ
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P1d ¼ lim
L!1

PðCk;AkÞ
PðCkÞ

¼ 0

0

¼ Undefined:

ð65Þ

Because P1d results in an indeterminate form 0
0

� �
, l’Hôpital’s rule must be applied. However, even after infinite differentiations, as

the operation limL!1 limm!1
@md

@Lmd , m 2 Zþ is applied to both the numerator and denominator of eqn (65), the quotient P1d is
undefined. As such, it is evident that AUC1 ¼

R 1

0 P1d ðP1fa ÞdP1fa ¼ 1.
For the closed-form approximation, solutions to the problems given by limL!1 Pfa and limL!1 Pd , 8d � 1 are provided in eqns (66)

and (67) respectively. The last two steps prior to the result shown in eqn (66) are evident after application of eqn (38) for Pbcrit
.

P1fa ¼ lim
L!1

PðAkÞ � PðCk;AkÞ
1� PðCkÞ

¼ lim
L!1

PðC0kÞ � P C0k; A0k
� �

PðC0kÞ

¼ lim
L!1

P
Td

j¼1 jykþjj < L

 �

� P
Td

j¼1 jykþjj < L;
Td

j¼1 jŷkþjjkj < LAj


 �
P
Td

j¼1 jykþjj < L

 �

¼ 1� lim
L!1

P
\d

j¼1

jŷkþjjkj < LAj

 !

¼
1� limL!1 P

Td
j¼1 jŷkþjjkj < Lþ

ffiffiffiffiffiffiffiffiffiffiffi
Vkþjjk

p
U�1ðPbÞ


 �
Pb > 0

1� limL!1 P
Td

j¼1 jŷkþjjkj < L 1�
ffiffiffiffiffiffiffiffiffi
Vkþjjk
Vkþdjk

q
 �
 �
Pb ¼ 0

8><
>:

¼
1� P

Td
j¼1 jŷkþjjkj <1


 �
Pb > 0

1� P
Td�1

j¼1 jŷkþjjkj <1; jŷkþdjkj < 0

 �

Pb ¼ 0

8><
>:

¼
0 Pb > 0

1 Pb ¼ 0

�
;

ð66Þ

P1d , lim
L!1

PðCk;AkÞ
PðCkÞ

¼ lim
L!1

1� PðC0kÞ � PðA0kÞ þ PðC0k;A0kÞ
1� PðC0kÞ

¼ lim
L!1

0� P
Td

j¼1 jŷkþjjkj < LAj


 �
� P

Td
j¼1 jŷkþjjkj < LAj


 �
0

¼ 0

0

¼ Undefined:

ð67Þ

As before, P1d results in an indeterminate form 0
0

� �
even after infinite differentiations using l’Hôpital’s rule. As such, it is also evident

that AUC1 ¼
R 1

0 P1d ðP1fa Þ dP1fa ¼ 1. For the root-finding approximation, solutions to the problems posed above are identical to
those presented for the closed form approximation. The main difference is in the definition of the domain of Pb, however
limL!1 Pbcrit

¼ 0 applies for both approximations, using eqns (22) and (38).

3. EXAMPLE

The example to be used for the presentation of the results has no specific application, but is generic and based on the same example
used in previous work (Svensson et al., 1996; Martin, 2010). The model parameters are provided in eqns (68)–(71).

A ¼ 0 1
�0:9 1:8

� 	
; ð68Þ

C ¼ 0:5 1½ �; ð69Þ
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Q ¼ 0 0
0 1

� 	
; ð70Þ

R ¼ 0:08: ð71Þ

Unless otherwise stated, all cases to be compared will use a prediction window of d ¼ 5 while varying L.

4. RESULTS AND DISCUSSION

A comparison of the AUC for all alarm systems for a prediction window of d ¼ 5 while varying L 2 [0,40] is shown in Figure 1. It is
very clear that the optimal alarm system and its approximations outperform the redline and predictive methods, over the entire
range of values shown for L, as expected and shown previously (Martin, 2010). Another important point to note is that the closed-
form and root-finding methods shown as dashed and dotted blue lines respectively approximate the exact optimal performance
(shown as a solid blue line) quite well over most of the range of values shown for L. The exact optimal results were obtained by using
a Monte Carlo simulation over only a portion of the entire range shown. This is due to the fact that it would be infeasible to find the
AUC with this method as L ! 0, and it would take prohibitively long to find the AUC for higher values of L, unlike with the
approximations.

However, the approximations break down as evidenced by the notable divergence of AUC values. The closed-form approximation
breaks down with higher values of L, and the root-finding approximation breaks down with lower values of L. These observations are
purely empirical and unsubstantiated by theoretical backing, the latter of which is due to the finding that it is not possible to
compute AUC0. However, for the closed-form approximation, it is empirically evident in Figure 1 that a small divergence from the
optimal AUC as L ! 0 also exists. There is theoretical backing for this divergence, given the expressions for AUC0 derived in the
previous section. The technical conditions that may lead to more egregious divergences than this one will be explored later in this
section. Furthermore, as proven in the previous section AUC1 ¼ 1 for both approximations to the optimal predictor and the redline
and predictive methods. This is evident in Figure 1 and is also well substantiated by the same apparent behaviour of the results for
the AUC when using the optimal level-crossing predictor itself.

Due to the closed-form representation of AUC for the baseline redline and predictive methods when L ¼ 0, AUC0 can easily
be expressed explicitly and thus plotted as a function of d. The results are shown in Figure 2. However, the same is not true for
the closed-form approximation, and so for this case alone the AUC values shown as a function of d in Figure 2 were all
computed numerically with the exception of the point corresponding to d ¼ 1. A more detailed theoretical analysis of the
limiting considerations as d ! 1, and for L � 0 for the closed-form approximation, will require functional and infinite
dimensional analysis, and as such will be studied in earnest in subsequent work. However, it is clear from Figure 2, as it was
previously found in Martin (2010), that the closed-form approximation outperforms the baseline redline and predictive methods,
8d.

Some other interesting and intuitive observations alluded to earlier hinge upon the elegant closed-form representations for AUC0

for all alarm systems. Equations (52) and (56) demonstrate that AUC0 can be expressed explicitly as a function of model parameters.
However, again these representations are specific to the alarm system under consideration. For the closed-form approximation, AUC0

can only be expressed explicitly as a function of model parameters when d ¼ 1. Nonetheless, the corresponding expression for AUC0

allows for some intuitive observations to be made in face of the limiting consideration L ! 0, as shown in eqn (72), which can easily
be derived from eqn (56).
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Figure 1. AUC for all alarm systems a function of critical threshold, L
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lim
Vkþ1jk!kc

AUC0 ¼ 0: ð72Þ

The natural and intuitive interpretation of eqn (72) is that a relationship exists between the level-crossing predictive capability
(event prediction) as quantified by AUC0 and the Kalman prediction error (value prediction) as quantified by Vk+1|k. Value prediction
was previously defined in Lindgren (1985) as the ability to predict future process values of a stationary linear Gaussian random
process, in the sense of least squares. Event prediction is the ability to accurately predict a level-crossing event constructed over a
defined prediction horizon, involving exceedances of a given critical threshold by the random process. It is clear that AUC0 is
directly influenced by Vk+1|k as it approaches the upper bound kc. In this case, the level-crossing performance quantified by
AUC0 ! 0 yields a completely imperfect prediction. In short, intuitively when d ¼ 1, as the uncertainty in the value prediction
increases, event prediction capability of level-crossings worsens. Although intuitive, the novelty of this result lies in the fact that it
is now supported by rigorous theoretical proof. In subsequent work, the more general case when d � 1 will be investigated, as
well a more thorough exploration of the relationship between value prediction and event prediction using a different contextual
basis.

It is also of interest to examine what happens as Vk+1|k approaches a lower bound. It is well known that the Kalman prediction error
(Vk+1|k) and thus value prediction uncertainty is directly influenced by the measurement noise (R), among other factors. The
measurement noise has the most straightforward relationship to AUC0 in the context of eqn (72), and as such it is best candidate to
study the effect of varying the Kalman prediction error (Vk+1|k). As the measurement noise approaches zero (R ! 0), a lower bound
for the prediction error is given by Vkþ1jk ! CQC>. The full relationship is given in eqn (73), where it is clear that as R ! 0, the
limiting value for AUC0 < 1 will not yield perfect prediction. However, under certain very specific circumstances related to system
stability governed by A, the limiting value for AUC0 ¼ 1 will result in perfect prediction when R ! 0. This observation will be studied
in depth in a sequel paper.

lim
Vkþ1jk!CQC>

AUC0 ¼ lim
R!0

AUC0 ¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCPL

ssC>ÞðCQC>Þ
q

CAPL
ssA>C>

0
@

1
A: ð73Þ

All of the closed-form approximation results that have been presented so far have been for the case in which L ¼ 0 and d ¼ 1.
However, this extreme case can also be used to gain some useful insight into the AUC performance for non-zero L values. The Signal-
to-noise ratio (SNR) can be used to provide this insight by adjusting the value of R appropriately, recognizing that lim R!0SNR ¼ 1,
and lim R!1SNR ¼ 1. The top two panels of Figure 3 illustrate that a limiting value of AUC0 < 1 exists as R ! 0 (SNR ! 1) when
L > 0, just as when L ¼ 0 for both the closed-form and the root-finding approximations. The case L ¼ 0 is not shown for the root-
finding approximation, based on the previous finding that it is impossible to compute AUC0 in this instance. When using the closed-
form approximation, the bottommost line shown in blue on the top-left panel corresponds to the case when L ¼ 0, directly
illustrating the result from eqn (72). Observing the remaining curves in the top two panels when L>0, it is clear that as the
measurement noise increases (the SNR decreases) limR!1 AUC ¼ 0:5, and that as measurement noise decreases (the SNR increases),
limR!0 AUC ¼ 1 as L ! 1. The latter observation provides evidence of the large value level-crossing prediction derivation provided
earlier that AUC1 ¼ 1. These observations in general serve only as preliminary empirical evidence to support characterization of the
limiting values for AUC when addressing measurement noise, R, as well as the critical level, L. A more detailed theoretical analysis will
be presented in a sequel paper.

When L ¼ 0 and d ¼ 1, important observations can also be made for the baseline redline and predictive methods in face of the
limiting consideration R ! 1 as shown in eqns (74) and (75). These observations are empirically evident in the bottom two panels of
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Figure 3, again with the bottommost line shown in blue. These equations can also be derived by a straightforward application of the
specific conditions given by L ¼ 0 and d ¼ 1, and using the definitions of ared and apred provided in eqns (49) and (50), as well as eqn
(52).

lim
R!1

AUC0 ¼
1

2
; ð74Þ

lim
R!1

AUC0 ¼
1

2
: ð75Þ

As the measurement noise decreases, limiting values for AUC (AUC0 < 1) are given by eqns (76) and (77) for the redline and
predictive methods respectively and are analogous to eqn (73) for the closed-form approximation.

lim
Vkþ1jk!CQC>

AUC0 ¼ lim
R!0

AUC0 ¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� CPL

ssA>C>

CPL
ssC>

� �2
s0

@
1
A; ð76Þ

lim
Vkþ1jk!CQC>

AUC0 ¼ lim
R!0

AUC0 ¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

CPL
ssA>C>

� �2

CPL
ssC>

� �
CAPL

ssA>C>
� �

vuut
0
B@

1
CA: ð77Þ

As in the analysis of the closed-form approximation, the extreme case of L ¼ 0 can be used to gain some useful insight into the
AUC performance for values of L > 0, as illustrated in the bottom two panels of Figure 3. In the more general case when L > 0 as
measurement noise increases, empirically eqns (74) and (75) appear to hold true, indicating that the event prediction capability of
level-crossings worsens to random guessing when L > 0 as well. Furthermore, the AUC appears to approach 1 as L ! 1 and R ! 0,
again providing evidence of the derivation provided earlier that AUC1 ¼ 1.

It is also evident that neither the baseline redline nor predictive methods worsen to the extent that the closed-form approximation
does, and they only degenerate to random guessing (AUC0 ¼ 0.5) as opposed to completely imperfect prediction (AUC0 ¼ 0). This is
a particularly interesting result due to the fact that the performance of the predictive method has previously been proven as identical
to the optimal level-crossing predictor when d ¼ 1 (Svensson, 1998). This notable discrepancy manifests only when L ¼ 0 by using
the closed-form approximation.

However, the same conclusion that was drawn for the case of the closed-form approximation concerning the influence of value
prediction uncertainty on event prediction capability also applies to the baseline redline and predictive methods. The natural and
intuitive interpretation of eqns (74) and (75) is that as the measurement noise (R) increases, event prediction capability of level-
crossings worsens, even when L > 0 in addition to when L ¼ 0. As such, the closed-form representations of AUC0 for all alarm
systems which are relevant for specific conditions on L and d can be used to gain insight for how the AUC varies more generally in
the presence of measurement noise.
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5. CONCLUSIONS AND FUTURE WORK

In an earlier article, a novel state-space approach to the optimal alarm systems literature was introduced, which was enabled by use of
the Kalman filter. In doing so, it was demonstrated that there is a negligible loss in overall accuracy when using approximations to the
theoretically optimal predictor for a stationary linear Gaussian process, at the advantage of greatly reduced computational complexity.
In this study, the limiting effects of using those approximations were investigated with an extreme value analysis by varying the critical
threshold, L. Depending on the magnitude of the measurement noise, it was found when L ! 0, using the closed-form approximation
will provide a worse result than the redline or predictive methods. As such, the original hypothesis postulated that care needs to be
exercised when applying approximations to the optimal level-crossing prediction has held true. However, this extreme case was also
used to gain useful insight into the AUC performance when L > 0. Specifically, when L increases, the predictive capability as quantified
by the AUC improves, for which theoretical proof was also provided to support the finding of improvement to perfect prediction
(AUC1 ¼ 1). It was also found that closed-form expressions for the AUC can be derived as L!0. In particular, expressions were derived
for the AUC when d ¼ 1 using the closed-form approximation and when d � 1 using the redline and predictive methods. In doing so,
an intuitive conclusion was recognized that increased measurement noise negatively impacts event prediction capability.

A closed-form expression for the AUC does not exist for the more general case of d > 1, nor can a limiting value for the AUC be derived
for the root-finding approximation. Despite these minor drawbacks, it is clear that for all methods the AUC approaches 1 as L ! 1. The
implications of this and other findings can be summarized by stating that given the assumed technical conditions, level-crossings of a
linear Gaussian process can be predicted with the greatest accuracy for extremely high levels or very low measurement noise.

In future work, limiting values for relevant statistics as R and d approach the extremities of their feasible domains will be examined
in more depth. Doing so will help to facilitate a new and broader context for the design of an optimal alarm system related to
important engineering design parameters. Furthermore, control theoretic implications and ramifications of using the Kalman filter in
tandem with optimal alarm theory that naturally follow will be investigated. One such example is the implication of the effect of
stability on predictive capability which was briefly alluded to in the results section. Following this investigation, it will also be possible
to gain further insight into important engineering design considerations for both the analysis and synthesis of algorithms used for
mitigation of potential adverse events from a practical standpoint. Relaxing some of the inherent assumptions made in this article to
the point where non-parametric methods such as Gaussian process regression and particle filtering are accessible may also provide a
natural vehicle for the extension of optimal alarm theory to other machine learning research domains. Finally, extension of this work
to systems containing both multi-variate inputs and outputs is important and has practical appeal to the field of data mining. As
such, scalability and complexity will remain important considerations in current and future work.

APPENDIX A: THEOREMS AND COROLLARIES

THEOREM 1. False alarm probability for small value level-crossing prediction using closed-form approximation

P0
fa ¼

1� P
Td

j¼1 jŷkþjjkj < L0
Aj


 �
Pb > 0:5

1 Pb ¼ 0:5,

(

where

P
\d

j¼1

jŷkþjjkj < L0
Aj

 !

¼
Z L0

A1

�L0
A1

� � �
Z L0

Ad

�L0
Ad

N ŷd; 0d;Rŷd
� Rŷd

R�1
yd

R>ŷd


 �
dŷd;

L0
Aj
,

ffiffiffiffiffiffiffiffiffiffiffi
Vkþjjk

q
U�1ðPbÞ:

PROOF. Equations (24), (38), (43) and (44) can be used to prove eqn (58), by using the series of equations shown below. It is clear
from eqn (38) that when using the closed-form approximation, Pbcrit

¼ 0:5.

P0
fa ¼ lim

L!0

PðAkÞ � PðCk;AkÞ
1� PðCkÞ

¼
lim
L!0

PðC0
k
Þ�PðC0

k
;A0

k
Þ

PðC0
k
Þ Pb > 0:5

1 Pb ¼ 0:5

(

¼ lim
L!0

P
Td

j¼1
jykþj j<L


 �
�P
Td

j¼1
jykþj j<L;

Td

j¼1
jŷkþjjk j<LAj


 �
Pð
Td

j¼1
jykþj j<LÞ

Pb > 0:5

1 Pb ¼ 0:5:

8><
>:
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Because P0
fa results in an indeterminate form 0

0

� �
when Pb > 0.5, l’Hôpital’s rule must be applied:

limL!0

@d

@Ld P
Td

j¼1
jykþj j<L


 �
� @d

@Ld P
Td

j¼1
jykþj j<L;

Td

j¼1
jŷkþjjk j<LAj


 �
@d

@Ld P
Td

j¼1
jykþj j<L


 � Pb > 0:5

1 Pb ¼ 0:5

8>><
>>:

To find @d

@Ld Pð
Td

j¼1 jykþjj < LÞ it must be recognized that the form of the multi-variate cumulative probability function shown in eqn
(78) must be employed. Similarly, to find the following:

@d

@Ld
P
\d

j¼1

jykþjj < L;
\d

j¼1

jŷkþjjkj < LAj

 !
;

the multi-variate cumulative probability function shown in eqn (79) must be employed.

P
\d

j¼1

jykþjj < L

 !
¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞP
\d

i¼1

ykþi < Lð�1Þsdði;jÞ
 !

; ð78Þ

P
\d

j¼1

jykþjj < L;
\d

j¼1

jŷkþjjkj < LAj

 !

¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞP
\d

i¼1

ykþi < Lð�1Þs2dði;jÞ;
\d

i¼1

ŷkþijk < LAi
ð�1Þsdði;jÞ

 !
;

ð79Þ

where

sdði; jÞ, j þ 2d�i

2d�i

� 
;

s2dði; jÞ, j þ 22d�i

22d�i

� 
:

and dÆe is the ‘ceiling’ operator that denotes rounding to the next highest integer value. The next sequence of equalities follows from
the standard definition of a multi-variate cumulative probability function as it relates to the multi-variate Gaussian density function
through the fundamental theorem of calculus, with a need to use the chain rule as a consequence of the alternating signs of the
integration limits.

@d

@Ld
P
\d

j¼1

jykþjj < L

 !
¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ @
d

@Ld
P
\d

i¼1

ykþi < Lð�1Þsdði;jÞ
 !

¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
@dP

Td
j¼1 jykþjj < Lð�1Þsdði;jÞ


 �
@xL|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

NðxL;0d ;Ryd
Þ

� @xL

@Ld|{z}Qd

i¼1
ð�1Þsd ði;jÞ

¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Yd

i¼1

ð�1Þsdði;jÞN ðxL; 0d;Ryd
Þ;

where

xL ¼

Lð�1Þsdð1;jÞ

Lð�1Þsdð2;jÞ

..

.

Lð�1Þsdðd;jÞ

2
6664

3
7775:

Thus,

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L

 !
¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Yd

i¼1

ð�1Þsdði;jÞN ð0d; 0d;Ryd
Þ;

¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Qd

i¼1ð�1Þsdði;jÞ

ð2pÞ
d
2jRyd

j
1
2

:

ð80Þ
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Similarly,

@d

@Ld
P
\d

j¼1

jykþjj < L;
\d

j¼1

jŷkþjjkj < LAj

 !

¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞ @
d

@Ld
P
\d

i¼1

ykþi < Lð�1Þs2dði;jÞ;
\d

i¼1

ŷkþijk < LAi
ð�1Þsdði;jÞ

 !

¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞ
@d P

Td
i¼1 ykþi < Lð�1Þs2dði;jÞ;

Td
i¼1 ŷkþijk < LAi

ð�1Þsdði;jÞ

 �

@x2L|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P
Td

i¼1
ŷkþijk<LAi

ð�1Þsd ði;jÞj
Td

i¼1
ykþi¼Lð�1Þsd ði;jÞ

� �
NðxL ;0d ;Rŷd

Þ

� @x2L

@Ld|ffl{zffl}Qd

i¼1
ð�1Þs2d ði;jÞ

¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞ
Yd

i¼1

ð�1Þs2dði;jÞN ðxL; 0d;Rŷd
Þpj;

where the mean, xL, and covariance, Rŷd
� Rŷd

R�1
yd

R>ŷd
, necessary for computation of the integral for pj below were obtained by

using the Schur complement, and x2L is defined below.

x2L,

Lð�1Þs2dð1;jÞ

Lð�1Þs2dð2;jÞ

..

.

Lð�1Þs2dðd;jÞ

2
666664

3
777775

pj , P
\d

i¼1

ŷkþijk < LAi
ð�1Þsdði;jÞ

�����\
d

i¼1

ykþi ¼ Lð�1Þsdði;jÞ
 !

¼
Z LA1

ð�1Þsd ð1;jÞ

�1
� � �
Z LAd

ð�1Þsd ðd;jÞ

�1
N ðŷd; xL;Rŷd

� Rŷd
R�1

yd
R>ŷd
Þdŷd:

Use of the Schur complement to obtain the conditional mean and covariance of ŷd , given yd, is shown below.

E½ŷd j yd� ¼ E½yd� þ Rŷd
R�1

yd
ðxL � E½yd�Þ

¼ lyd
þ Rŷd

R�1
yd
ðxL � lyd

Þ
¼ Rŷd

R�1
yd

xL

VC½ŷd j yd� ¼ Rŷd
� Rŷd

R�1
yd

R>ŷd
:

Thus,

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L;
\d

j¼1

jŷkþjjkj < LAj

 !
¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞ
Yd

i¼1

ð�1Þs2dði;jÞN ð0d; 0d;Rŷd
Þp0

j

¼
X4d

j¼1

Y2d

i¼1

ð�1Þs2dði;jÞ
Yd

i¼1

ð�1Þs2dði;jÞ p0
j

ð2pÞ
d
2jRyd

j
1
2

;

ð81Þ

where

p0
j ,

Z L0
A1
ð�1Þsd ð1;jÞ

�1
� � �
Z L0

Ad
ð�1Þsd ðd;jÞ

�1
N ðŷd; 0d;Rŷd

� Rŷd
R�1

yd
R>ŷd
Þdŷd;

L0
Aj
,

ffiffiffiffiffiffiffiffiffiffiffi
Vkþjjk

q
U�1ðPbÞ:

Equation (82) is the result of combining eqns (80) and (81), which can be simplified by replacing the coefficient for p0
j in the

numerator of the expression shown in eqn (82) as follows:
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Y2d

i¼1

ð�1Þs2dði;jÞ
Yd

i¼1

ð�1Þs2dði;jÞ ¼
Yd

i¼1

ð�1Þ2s2dði;jÞ
Yd

i¼1

ð�1Þs2dðiþd;jÞ

¼
Yd

i¼1

ð�1Þ2s2dði;jÞð�1Þs2dðiþd;jÞ

¼
Yd

i¼1

ð�1Þ2s2dði;jÞð�1Þsdði;jÞ

¼
Yd

i¼1

ð�1ÞZ
þ
even ð�1Þsdði;jÞ

¼
Yd

i¼1

ð�1Þsdði;jÞ:

The simplification requires using one or more of the following identities (recognizing that all are true by definition):

s2dði þ d; jÞ ¼ sdði; jÞ;
sdði; jÞ 2 Zþ;

2sdði; jÞ 2 Zþeven;

2s2dði; jÞ 2 Zþeven:

The coefficient in the denominator of the expression shown in eqn (82) can easily be simplified as follows:

Yd

i¼1

ð�1Þsdði;jÞ
Yd

i¼1

ð�1Þsdði;jÞ ¼
Yd

i¼1

ð�1Þ2sdði;jÞ

¼
Yd

i¼1

ð�1ÞZ
þ
even

¼ 1:

The overall simplification is therefore as follows:

lim
L!0

@d

@Ld P
Td

j¼1 jykþjj < L

 �

� @d

@Ld P
Td

j¼1 jykþjj < L;
Td

j¼1 jŷkþjjkj < LAj


 �
@d

@Ld Pð
Td

j¼1 jykþjj < LÞ

¼ 1�
P4d

j¼1

Q2d
i¼1ð�1Þs2dði;jÞQd

i¼1ð�1Þs2dði;jÞp0
jP2d

j¼1

Qd
i¼1ð�1Þsdði;jÞQd

i¼1ð�1Þsdði;jÞ

ð82Þ

¼ 1�
P4d

j¼1

Qd
i¼1ð�1Þsdði;jÞp0

jP2d

j¼1 1

¼ 1� 2�d
X4d

j¼1

Yd

i¼1

ð�1Þsdði;jÞp0
j

¼ 1� 2�d 2d
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞp0
j

" #

¼ 1�
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞp0
j

¼ 1� P
\d

j¼1

jŷkþjjkj < L0
Aj

 !
:

The last step of the final simplification is true by definition, and the preceding step requires recognition of the fact that there are
only 2d possible ways that p0

j can be expressed, based on the total number of possible permutations of alternating signs of the
integration limits. Thus,

lim
L!0

Pfa ¼ 1� P
Td

j¼1 jŷkþjjkj < L0
Aj


 �
Pb > 0:5

1 Pb ¼ 0:5:

(
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COROLLARY 1. False alarm probability for small value level-crossing prediction using closed-form approximation when d ¼ 1

lim
L!0

Pfa ¼ 2ð1� Uðbcf U
�1ðPbÞÞÞ Pb > 0:5

1 Pb ¼ 0:5:

�

PROOF. From Theorem 1, eqn (58) holds

lim
L!0

Pfa ¼ 1� P
Td

j¼1 jŷkþjjkj < L0
Aj


 �
Pb > 0:5

1 Pb ¼ 0:5

(

When d ¼ 1, the following simplification can be made:

P
\d

j¼1

jŷkþjjkj < L0
Aj

 !
¼ P jŷkþ1jkj < L0

A1


 �
¼ P �L0

A1
< ŷkþ1jk < L0

A1


 �

¼ U
L0

A1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rŷd
� Rŷd

R�1
yd

R>ŷd

q
0
B@

1
CA� U

�L0
A1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Rŷd
� Rŷd

R�1
yd

R>ŷd

q
0
B@

1
CA

¼ 2U
L0

A1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rŷd
� Rŷd

R�1
yd

R>ŷd

q
0
B@

1
CA� 1

¼ 2U

ffiffiffiffiffiffiffiffiffiffiffiffi
Vkþ1jk

p
U�1ðPbÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðkc � Vkþ1jkÞ �
ðkc�Vkþ1jkÞ2

kc

q
0
B@

1
CA� 1

¼ 2U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc

kc � Vkþ1jk

s
U�1ðPbÞ

 !
� 1

¼ 2Uðbcf U
�1ðPbÞÞ � 1;

where

bcf ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

cf

q
;

acf ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vkþ1jk

kc � Vkþ1jk

s
:

Thus,

lim
L!0

Pfa ¼
1� P

Td
j¼1 jŷkþjjkj < L0

Aj


 �
Pb > 0:5

1 Pb ¼ 0:5

(

¼ 1� ð2Uðbcf U
�1ðPbÞÞ � 1Þ Pb > 0:5

1 Pb ¼ 0:5

(

¼ 2ð1� Uðbcf U
�1ðPbÞÞÞ Pb > 0:5

1 Pb ¼ 0:5:

(

THEOREM 2. AUC for small value level-crossing prediction using closed-form approximation when d ¼ 1 (

AUC0 ¼
Z 1

0

P0
dðP0

faÞ dP0
fa

¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcVkþ1jk

p
kc � Vkþ1jk

 !
:
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PROOF. Using eqn (51),

AUC0 ¼
Z 1

0

P0
dðP0

faÞ dP0
fa

¼
Z 1

0

2U �acf bcf U
�1 1� P0

fa

2

� �� �
dP0

fa:

Now making the following variable substitutions:

u ¼ 1� P0
fa

2
;

q ¼ acf bcf U
�1ðuÞ;

m ¼ q

acf bcf
:

Thus, u ¼ U(m). Now, taking derivatives the following relationships can be obtained:

du

dP0
fa

¼ � 1

2
;

du

dm
¼ /ðmÞ;

dm

dq
¼ 1

acf bcf
;

dP0
fa

dq
¼ dP0

fa

du

du

dm

dm

dq

¼ � 2/ðmÞ
acf bcf

:

Thus,

AUC0 ¼ 4

Z 1
0

Uð�qÞ 1

acf bcf
/

q

acf bcf

� �
dq

¼ 4

Z 1
0

Z �q

�1
/ðsÞ 1

acf bcf
/

q

acf bcf

� �
ds dq

¼ 4Pðsþ q < 0; q > 0Þ
¼ 4Pðb>z < 0; q > 0Þ;

where

b ¼
1

1

� 	
; z ¼

s

q

� 	
� N

0

0

� 	
;

1 0

0 ðacf bcf Þ2
� 	� �

;

‘,b>z � Nð0; 1þ ðacf bcf Þ2Þ:

Let

~z ¼ ‘
q

� 	
� N 0

0

� 	
;

1þ ðacf bcf Þ2 b2
cf

b2
cf ðacf bcf Þ2

� 	� �
Finally,

AUC ¼ 4Pð‘ < 0; q > 0Þ
¼ 4ðPðq > 0Þ � Pð‘ > 0; q > 0ÞÞ

¼ 4Uð0Þ � 4
1

4
þ 1

2p
arcsin

acf bcfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðacf bcf Þ2

q
0
B@

1
CA

0
B@

1
CA

¼ 1� 2

p
arcsin

acf bcfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðacf bcf Þ2

q
0
B@

1
CA

¼ 1� 2

p
arcsin

cffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2
p
� �

¼ 1� 2

p
arctan c

¼ 1� 2

p
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcVkþ1jk

p
kc � Vkþ1jk

 !
;
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where

c , acf bcf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kcVkþ1jk

p
kc � Vkþ1jk

:

THEOREM 3. False alarm probability for small value level-crossing prediction using redline method

lim
L!0

Pfa ¼ 2U
�LA

ared

ffiffiffiffiffi
kc

p
� �

;

where

ared,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KcR
�1
yd

K>c
kc

s
:

PROOF.

P0
fa ¼ lim

L!0

PðAkÞ � PðCk;AkÞ
1� PðCkÞ

¼ lim
L!0

PðC0kÞ � P C0k;A0k
� �

PðC0kÞ

¼ lim
L!0

P
Td

j¼1 jykþjj < L

 �

� P
Td

j¼1 jykþjj < L; jykj < LA


 �
P
Td

j¼1 jykþjj < L

 � :

Because P0
fa results in an indeterminate form 0

0

� �
, l’Hôpital’s rule must be applied:

lim
L!0

@d

@Ld P
Td

j¼1 jykþjj < L

 �

� @d

@Ld P
Td

j¼1 jykþjj < L; jykj < LA


 �
@d

@Ld P
Td

j¼1 jykþjj < L

 � :

From Theorem 1, eqn (80) yields:

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L

 !
¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Qd

i¼1ð�1Þsdði;jÞ

ð2pÞ
d
2jRyd

j
1
2

;

and the following holds:

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L; jykj < LA

 !
¼ lim

L!0

X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Yd

i¼1

ð�1Þsdði;jÞN ðxL; 0d;Ryd
Þpj

¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Qd

i¼1ð�1Þsdði;jÞ

ð2pÞ
d
2jRyd

j
1
2

p0
j ;

where

pj , P jykj < LA

\d

i¼1

ykþi ¼ Lð�1Þsdði;jÞ

�����
 !

;

p0
j , 2U

LAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc � KcR

�1
yd

K>c

q
0
B@

1
CA� 1;

and use of the Schur complement to obtain the mean and variance of yk conditioned on yd is shown below.

E½yk j yd� ¼ E½yk� þ KcR
�1
yd
ðxL � E½yd�Þ

¼ lyk
þ KcR

�1
yd
ðxL � lyd

Þ
¼ KcR

�1
yd

xL;

VC½yk j yd� ¼ kc � KcR
�1
yd

K>c :
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Thus, the overall simplification is as follows:

lim
L!0

@d

@Ld P
Td

j¼1 jykþjj < L

 �

� @d

@Ld P
Td

j¼1 jykþjj < L; jykj < LA


 �
@d

@Ld P
Td

j¼1 jykþjj < L

 �

¼ 1�
P2d

j¼1

Qd
i¼1ð�1Þsdði;jÞQd

i¼1ð�1Þsdði;jÞp0
jP2d

j¼1

Qd
i¼1ð�1Þsdði;jÞQd

i¼1ð�1Þsdði;jÞ

¼ 1� 2�d
X2d

j¼1

p0
j

¼ 1� 2�d2d p0
j

¼ 1� p0
j

¼ 1� 2U
LAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kc � KcR
�1
yd

K>c

q
0
B@

1
CA� 1

0
B@

1
CA

¼ 2U
�LA

ared

ffiffiffiffiffi
kc

p
� �

;

where

ared,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KcR
�1
yd

K>c
kc

s
:

THEOREM 4. False alarm probability for small value level-crossing prediction using predictive method

lim
L!0

Pfa ¼ 2U
�LA

apred

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc � Vkþdjk

p
 !

;

where

apred,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KaR
�1
yd

K>a
kc � Vkþdjk

s

PROOF.

P0
fa ¼ lim

L!0

PðAkÞ � PðCk; AkÞ
1� PðCkÞ

¼ lim
L!0

PðC0kÞ � P C0k;A0k
� �

PðC0kÞ

¼ lim
L!0

P
Td

j¼1 jykþjj < L

 �

� P
Td

j¼1 jykþjj < L; jŷkþdjkj < LA


 �
P
Td

j¼1 jykþjj < L

 � :

Because P0
fa results in an indeterminate form 0

0

� �
, l’Hôpital’s rule must be applied:

lim
L!0

@d

@Ld P
Td

j¼1 jykþjj < L

 �

� @d

@Ld P
Td

j¼1 jykþjj < L; jŷkþdjkj < LA


 �
@d

@Ld P
Td

j¼1 jykþjj < L

 �

From Theorem 1, eqn (80) yields:

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L

 !
¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Qd

i¼1ð�1Þsdði;jÞ

ð2pÞ
d
2jRyd

j
1
2
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and the following holds:

lim
L!0

@d

@Ld
P
\d

j¼1

jykþjj < L; jŷkþdjkj < LA

 !
¼ lim

L!0

X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Yd

i¼1

ð�1Þsdði;jÞN ðxL; 0d;Ryd
Þpj

¼
X2d

j¼1

Yd

i¼1

ð�1Þsdði;jÞ
Qd

i¼1ð�1Þsdði;jÞ

ð2pÞ
d
2jRyd

j
1
2

p0
j ;

where

pj , P jŷkþdjkj < LA

\d

i¼1

ykþi ¼ Lð�1Þsdði;jÞ

�����
 !

p0
j , 2U

LAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc � Vkþdjk � KaR

�1
yd

K>a

q
0
B@

1
CA� 1;

and use of the Schur complement to obtain the mean and variance of ŷkþdjk conditioned on yd is shown below.

E½ŷkþdjkjyd� ¼ E½ŷkþdjk� þ KaR
�1
yd
ðxL � E½yd�Þ

¼ lyk
þ KaR

�1
yd
ðxL � lyd

Þ
¼ KaR

�1
yd

xL

VC½ŷkþdjkjyd� ¼ kc � Vkþdjk � KaR
�1
yd

K>a

Thus, the overall simplification is as follows:

lim
L!0

@d

@Ld P
Td

j¼1 jykþjj < L

 �

� @d

@Ld P
Td

j¼1 jykþjj < L; jŷkþdjkj < LA


 �
@d

@Ld Pð
Td

j¼1 jykþjj < LÞ

¼ 1�
P2d

j¼1

Qd
i¼1ð�1Þsdði;jÞQd

i¼1ð�1Þsdði;jÞp0
jP2d

j¼1

Qd
i¼1ð�1Þsdði;jÞQd

i¼1ð�1Þsdði;jÞ

¼ 1� 2�d
X2d

j¼1

p0
j

¼ 1� 2�d2d p0
j

¼ 1� p0
j

¼ 1� 2U
LAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kc � Vkþdjk � KaR
�1
yd

K>a

q
0
B@

1
CA� 1

0
B@

1
CA

¼ 2U
�LA

apred

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc � Vkþdjk

p
 !

;

where

apred,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

KaR
�1
yd

K>a
kc � Vkþdjk

s

THEOREM 5. AUC for small value level-crossing prediction using redline or predictive method

AUC0 ¼ 1� 2

p
arctan a:

PROOF.

AUC0 ¼
Z 1

0

P0
dðP0

faÞdP0
fa

¼
Z 1

0

2U aU�1 P0
fa

2

� �� �
dP0

fa:
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Now making the following variable substitutions:

q ¼ aU�1 P0
fa

2

� �
;

z ¼ q

a
:

Thus, P0
fa ¼ 2UðzÞ. Now, taking derivatives the following relationships can be obtained:

dP0
fa

dz
¼ 2UðzÞ;

dz

dq
¼ 1

a
;

dP0
fa

dq
¼ dP0

fa

dz

dz

dq

¼ 2/ðzÞ
a

:

Thus,

AUC0 ¼ 4

Z 0

�1
UðqÞ 1

a
/

q

a


 �
dq

¼ 4

Z 0

�1

Z q

�1
/ðsÞ 1

a
/

q

a


 �
dsdq

¼ 4Pðs� q < 0; q < 0Þ
¼ 4Pðb>z < 0; q < 0Þ;

where

b ¼
1

�1

� 	
; z ¼

s

q

� 	
� N

0

0

� 	
;

1 0

0 a2

� 	� �
‘ , b>z � Nð0; 1þ a2Þ:

Let

~z ¼ ‘
q

� 	
� N 0

0

� 	
;

1þ a2 �a2

�a2 a2

� 	� �
:

Finally,

AUC0 ¼ 4Pð‘ < 0; q < 0Þ
¼ 4ðPðq < 0Þ � Pð‘ > 0Þ þ Pð‘ > 0; q > 0ÞÞ

¼ 4
1

4
þ 1

2p
arcsin

�a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð1þ a2Þ

p
 ! !

¼ 1� 2

p
arcsin

affiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2
p
� �

¼ 1� 2

p
arctan a:
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