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We explore the advantages offered by twin light beams produced in parametric down-conversion for
precision measurement. The symmetry of these bipartite quantum states, even under losses, suggests that
monitoring correlations between the divergent beams permits a high-precision inference of any symmetrybreaking effect, e.g., fiber birefringence. We show that the quantity of entanglement is not the key feature
for such an instrument. In a lossless setting, scaling of precision at the ultimate ‘‘Heisenberg’’ limit is
possible with photon counting alone. Even as photon losses approach 100% the precision is shot-noise
limited, and we identify the crossover point between quantum and classical precision as a function of
detected flux. The predicted hypersensitivity is demonstrated with a Bayesian simulation.
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We wish to promote the fitness of two spin-j systems
combined in an overall spin zero singlet as a resource for
metrology. A photonic implementation of such states is
readily and scalably generated using stimulated parametric
down-conversion (PDC) [1]. Both their rotational symmetry [2] and persistence of entanglement [3,4] under photonic loss channels has made the singlets natural
candidates for quantum key distribution [5]. In this Letter
we further highlight their utility, this time in a parameterestimation protocol. Generally, such protocols are rated by
the precision (or uncertainty) associated with unbiased
estimation of the unknown parameter, and how quickly
this precision is lost under relevant decoherence. We will
show that given ideal conditions the singlets allow a precision scaling at the Heisenberg limit (the ultimate limit for
linear quantum processes, and for which noise scales as
1=N with respect to the light intensity or particle number
N). Under incoherent photon loss measurement precision
is naturally degraded, but at a much gentler rate than other
proposals [6] where the decay can be exponential in N.
(Recently, the role of photon losses in optical precision
experiments was examined carefully [7].)
Consider an instrument broken down into three components [8]: pure probe state jji, unitary evolution U ¼
^ under a time-independent Hermitian HamiltonexpðiHtÞ
^ and complete projective measurements, M
^ ¼
ian
H,
P
m
jiihij,
where
hijji
¼

.
We
wish
to
infer
evolution
ij
i i
time t from frequencies of outcomes mi , but t may equally
represent an interferometer phase, a magnetic or gravitational field, or some other real-valued continuous variable.
Extrapolating from a set of parameter-dependent measurements to an estimation of that parameter can be a challenging task. The probability distributions for individual outcomes are often non-Gaussian, having multiple peaks or
broad tails. Quite separate from designing a good estimator
from measurement data, it is as important to employ measurements sensitive to small changes in the unknown parameter. An optimal measurement should also, if possible,
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achieve highest estimation precision for all parameter values. Conditions for identifying optimal measurements
were identified in early work on quantum Fisher information. One parameter-independent approach uses canonical
measurements, but these are hard to implement directly
[9]. In other proposals, measurements are optimal near
particular ‘‘sweet spots’’ in parameter space, and require
multistep adaptive measurements to exploit them [10].
We first present a protocol in a decoherence-free setting
for which our proposed measurements are optimal,
parameter-free and practicable; they may be realized in a
laboratory by photon-counting or spin projections. We extend the analysis to consider realistic decoherence. Translating our protocols to a quantum-optics setting, characterized by a PDC source, we evaluate the effect of photon
losses (in transmission and detection) on precision. It
emerges that spin-projection measurements are no longer
optimal or parameter independent. Nonetheless, precision
is always at least as good as the classical upper bound
(noise scaling / N 1=2 , called the shot-noise limit) for any
loss.
Input states.—Let us introduce the states in the spin
representation [11]. Our probe is a bipartite maximally
entangled spin singlet
þj
X
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j c ðjÞ
i
¼
ð1Þjm jj; miza  jj; mizb (1)
0
2j þ 1 m¼j

labeling component spaces a and b. This state has total
~
~
~
spin J ¼ 0: h c 0ðjÞ jJ~2 j c ðjÞ
0 i ¼ 0 where J ¼ ðJ a þ J b Þ. The
ðjÞ
singlet is ‘‘rotationally’’ invariant [2] under Ua ðg1 Þ 
UbðjÞ ðg2 Þ when g1 ¼ g2 2 SUð2Þ; its description in
Eq. (1) is identical in any spin basis, e.g. z ° x ° y, and
the state’s properties change only with the relative transformation 1a  UbyðjÞ ðg1 ÞUbðjÞ ðg2 Þ. There is an application
here for relative measurements made between nonlocal
observers; global phenomena are excluded.
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Phase-estimation protocol.—Examine now the estimation of a relative phase  accumulating between a and b.
ðjÞ
Breaking the symmetry of j c ðjÞ
0 i by applying 1  Ub ,
ðjÞ
^
yields the state j c ðjÞ
 i ¼ expðiJ yb Þj c 0 i if we choose
rotation about y. In the paradigm above, H^ ° J^yb and t °
. Then make projective measurements onto the basis of z
^ ° J^za  J^zb . The probaeigenstates for a and b, i.e., M
bilities for the ð2j þ 1Þ2 measurement outcomes (A; B) are
ðjÞ
dB;A
ðÞ2
PAB ðÞ ¼ jhj; Ajz;a hj; Bjz;b j c  ij ¼
:
ð2j þ 1Þ
2

(2)

Note that PAB ðÞ ¼ PAB ðÞ, and to eliminate ambiguity
the range of  can be restricted to ½0; .
Quantifying precision.—To establish this scheme’s performance we employ classical Fisher information Icl ðÞ ¼
P
d
2
A;B PA;B ½d lnðPA;B Þ . It provides a distance metric in
probability space, e.g for  p

ﬃﬃﬃﬃﬃ1 the distance between
PAB ðÞ and PAB ð þ Þ is  Icl . A lower bound on the
variance of any unbiased estimator of  is Icl1 [12]. Given
an unknown rotation by  about the ybaxis a short calculation [13] using Eq. (2) gives Icl ðÞ ¼ 4jðj þ 1Þ=3, independent of  and achieving the quadratic scaling
characteristic of the Heisenberg limit (identifying a
spin-j state as a composite of 2j spin one-half particles,
the singlet then has particle number N ¼ 4j and Icl / N 2 ).
The quantum Fisher information Iqu , provides a saturable upper bound, Iqu  Icl . It is a function only of probe
and dynamics, assuming the best possible measurement
without defining it explicitly. For pure probe states,
^ 2 [14]. Using again H^ ° J^yb ,
Iqu =4 ¼ 2 H^ ¼ hH^ 2 i  hHi
2
2
Iqu ¼ 4hJ^yb i ¼ 4hJ~b i=3 ¼ 4jðj þ 1Þ=3 by symmetry.
Remarkably Iqu ¼ Icl , and our original measurement
choice is optimal and independent of the value of the
unknown parameter , a preferred property of any
parameter-estimation scheme [8,15]. We make at this point
some observations about entanglement. First, making a
comparison between the probe j c ðjÞ
0 i and Bell states
ð1=2Þ
j c 0 i numbering 2j (so total particle number 4j is the
same), we see that the former has much less entanglement
than the latter, log2 ð2j þ 1Þ e-bits versus 2j e-bits, but a
greater value for Iqu , 4jðj þ 1Þ=3 versus 2j. Second,
although the Hamiltonian only operates on the b modes,
no phase information is imprinted locally as the reduced
state ðbÞ is always maximally mixed—nothing is learned
by measurements exclusive to the space in which dynamics
occur. One might believe that the dependence of precision
on bipartite measurements is due to entanglement.
However, we will show it is retained under a disentangling
decoherence channel—exhibiting nonlocality without
entanglement.
1
Simulation.—The quantum bound ðÞ2  Iqu
on
mean-squared error is attainable given infinite repetitions
of the experiment (using maximum-likelihood estimation),
but superior convergence of the high-j singlets may also be
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shown when the number of samplings is relatively small,
the preasymptotic regime. A Bayesian protocol, considered
in Fig. 1, compares performance of higher-j singlets with
Bell singlets, so that the same total energy is detected in
both cases. We use data sequences with k updates of the
(uniform) prior distribution P0 ¼ 1= given measurements fAi ; Bi g ¼ fA1 ; B1 ; A2 ; B2 ; . . . ; Ak ; Bk g. Each sequence leads to a single  estimate that is the mean of
the final posterior distribution Pk . The conditional probability PðfAi ; Bi gjÞ is determined from Eq. (2). The update
rule is Pk ðjfAi ; Bi gÞ / PðfAi ; Bi gjÞP0 ðÞ and measurement events are independent, so PðA1 ; B1 ; A2 ; B2 jÞ ¼
PðA1 ; B1 jÞPðA2 ; B2 jÞ. In our simulation, we perform a
total of  independent phase estimates for each choice of
parameters j and k, and the total particle resource is 4jk.
We find that the experimental error bars approach the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
theoretical limit  ¼ 1= kIqu as the particle number
increases; red horizontal error bars (spin-j singlets) are
seen to be narrower than corresponding blue ones (Bell
states) indicating superior precision of the higher-spin
singlets in the preasymptotic regime.
Linear optics and parametric down-conversion.—Now
we translate our previous arguments into an optical context
using an isomorphism between spins and a pair of harmonic oscillators (Schwinger representation). A PDC process produces entangled photons by interaction of a pump
laser field with a nonlinear birefringent crystal. The output
is shared among four optic modes, labeled fah ; av ; bh ; bv g
for spatial directions a, b and horizontal and vertical polarizations h, v. (We use the same notation to denote the
associated bosonic annihilation operators.) The downconversion Hamiltonian is H^ ¼ ðayh byv  ayv byh Þ þ H:c:
with  a coupling strength for the nonlinear process,
producing light via application to the vacuum:
^
expðiHtÞj0i.
The effective parametric gain is  ¼ t.
Applying the Schwinger representation to spatial mode

FIG. 1 (color online). Simulation with performance of spin-j
singlets (red, above) juxtaposed with spin-1=2 Bell pairs (blue,
below), the latter scaling at the shot-noise limit. There were  ¼
250 independent phase estimates contributing data points to each
of the six charts. A single estimate is obtained after a sequence of
k ¼ 20 Bayesian updates for probes with j ¼ 2, 3, 4 using the
distribution of Eq. (2). The true value of  is indicated by black
dashed lines. Maintaining the same particle number resource for
the Bell probes as the higher-j singlets equates with keeping jk
constant. Error bar widths are given to four decimal places.
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a: J^þa ¼ a^ yh a^ v , J^a ¼ a^ h a^ yv , and 2J^z ¼ ðayh ah  ayv av Þ
(the number difference). Also J~2a ¼ ðn^ a =2Þðn^ a =2 þ 1Þ,
where n^ a ¼ ðayh ah þ ayv av Þ. Spin quantum numbers map
onto photon numbers as 2ja ¼ ðnha þ nva Þ and 2ma ¼
ðnha  nva Þ. We can now identify each of the elements of
our idealized parameter-estimation protocol with a realistic
optical source, as explained in Fig. 2. Measurement data
can be grouped by photon counting according to values of
ja;b , equivalent to postselection onto the space of a par^
^
ticular j c ðjÞ
0 i. Optimal correlation measurements J za  J zb
are reconstructed in each ja;b -labeled subspace, also from
photon counting because 2J^za ¼ n^ ha  n^ va . We acknowledge here that efficient photon counting is generally a
nontrivial task [16].
Losses.—A realistic analysis must incorporate relevant
decoherence; for optic processes incorporating photon
counting the important mechanism is that of photon loss,
in transmission and detection [4]. Both loss types are
effectively modeled by placing partial transmission ( <
1) beam splitters in the four optic modes in front of perfect
detectors, splitting incoming photons into two output
pﬃﬃﬃﬃ
modes: the mode transformation is a^ °
a^ þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ where e^ is an annihilation operator for the
1  e,
ancillary loss mode. The photons siphoned out of the transmission mode in this way are then traced over. Referring
either to modes a or to modes b, if losses are
polarization insensitive ( h ¼ v ), the loss channel Lh 
Lv commutes with any U 2 SUð2Þ on the same spatial
path: Lh  Lv ½UUy  ¼ UðLh  Lv ½ÞUy for any .
This has two important consequences. First, the nonunitary
decoherence due to loss and the unitary  rotation in mode

FIG. 2 (color online). Instrument composed of PDC source [1],
linear-optical elements (mirrors, phase element , 50-50 beamsplitters (bs), polarizing beam splitters (pbs), half-wave plate
=2), and photocounters. In microscopy or interferometry,
modes a may be considered an ancilla or reference; only the
photons in modes b interact with the ‘‘sample’’. Disregarding
losses, the source produces a mixture of spin-j singlets, Eq. (1),
with weightings ð2j þ 1Þtanh4j =cosh4  determined by the
parametric-gain parameter . Each singlet has photon-number
^ ¼ 4sinh2  and 2 N^ ¼
N ¼ 4j, and the overall intensity is hNi
coshð4Þ  1. Weightings of higher-photon-number singlets increase with  but the large 2 N^ indicates a severe flattening of
the distribution. We note the immunity of counting measurements to undesired path differences occurring outside of the
‘‘interferometer’’ block.

b may be treated independently with impunity. Second,
after losses, each component of the PDC state, in a subspace labeled by (ja , jb ), retains its symmetry under transformations Uaðja Þ ðgÞ  Ubðjb Þ ðgÞ. This implies a simple,
block-diagonal structure for the mixed lossy state
ðja ;jb Þ ¼

jaX
þjb

ðja ;jb Þ ðja ;jb Þ
J
:
J

(3)

J¼jja jb j

The Jðja ;jb Þ 2 ½0; 1 are weighting factors [4] and Jðja ;jb Þ
are density operators proportional to identities in each
(2J þ 1)-dimensional orthogonal subspace labeled by total
spin J. As symmetry is preserved under loss, the state of
Eq. (3) retains a suitability for relative measurements
between spatially separated observers a and b. We stress
that for imperfect transmission < 1 there is nonzero
occupancy probability for spaces labeled (ja , jb ), where
ja  jb . See Fig. 3(i). Measurements with na  nb need
not be discarded, they also contribute to overall precision.
Combining subspaces and ultimate precision.—By postselecting onto specific photon numbers (after losses) and
filtering the data sets we can focus on a particular (ja , jb )
subspace and analyze its contribution to overall precision.
Fortunately, both Iqu and Icl are additive, so total Fisher
Information per measurement is the average of the contributions in each subspace weighted by the probabilities of
post-selecting each subspace. For the lossless case with
N^ ¼ n^ a þ n^ b we know Iqu ¼ 4jðj þ 1Þ=3 (in a space with
na;b ¼ 2j photons) and the ensemble result is hIqu i ¼
^
hN^ 2 i=12 þ hNi=3.
There are associated gains in precision
^ ¼ 4 sinh2  increases with  in the low loss regime.
as hNi
For more significant loss there is a precision trade-off as
larger  are also associated with greater values of decoherence ¼ ð1  Þ tanh within each subspace. This may be
viewed as higher–photon-number spaces being seeded initially, then as photons are lost these populations make an
incoherent contribution to the those of lower photon
spaces, ‘‘feeding’’ them from above with mixed state components (bad for precision). We illustrate the effect of
decreasing transmission
on both subspace weightings
in Fig. 3(i), and precision within a subspace, in Fig. 3(ii)
(explicitly the ja ¼ jb ¼ 2 subspace). P
Given a general mixed state  ¼ p p jpihpj Fisher
information for unitary evolution under H^ ° J^yb is hIqu i ¼
P ð  Þ2
2 q;r q r jhqjJ^yb jrij2 . By observing that the PDC is
q þr

Gaussian, and that loss channel and interferometer components act as Gaussian operations, this functional can be
evaluated directly using phase-space methods [17].
Specifically, we employ the fact that squeezed light subject
to incoherent photon loss is formally equivalent to a
squeezing operator (with a modified parameter) applied
to a thermal state. This allows for the a full identification
of the spectrum for the lossy PDC state, and for hIqu i to be
evaluated directly by finding nonzero contributions to the
sum [13]. We arrive at an expression for the complete
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FIG. 3 (color
Under photon loss the PDC state
P online). ðj(i)
becomes
Pðna ; nb Þ a ;jb Þ , where ja ¼ na =2; jb ¼ nb =2,
ðja ;jb Þ is given in Eq. (3), and Pðna ; nb Þ is a weighting factor
for the corresponding subspace [4]. The three plots show
Pðna ; nb Þ with interaction   1:83 and na;b 16. As transmission is reduced, the weightings of ja  jb spaces increase
1 become less probable. In (ii) loss in transmission
and na;b
and detection affects the estimation of  in the ðna ; nb Þ ° ð4; 4Þ
subspace. The contribution to hIcl i is Iclð4;4Þ Pð4; 4Þ. For no losses
ð2Þ
ð4;4Þ
( ¼ 1), ð2;2Þ is the singlet state j c ð2Þ
¼ 8,
0 ih c 0 j and Icl
contributing to the quadratic precision scaling derived for the
lossless case. As losses increase, the precision degrades and Iclð4;4Þ
quickly becomes a function of both  and the decoherence
parameter ¼ ð1  Þ tanh. Blue shading indicates precision
below the upper limit for four uncorrelated photons in a classical
lossless two-mode interferometer, i.e., Icl 4. For  0:5
supraclassical precision (red shading) is possible for decoherence & 0:2. This corresponds to loss & 26% for  ¼ 1, an
interaction value achieved in real experiments [3]. The maximum Iclð4;4Þ for each value with photon-counting measurements
is projected on to the back wall as a grey silhouette—only
ð4;4Þ
, the best possible for any detection
slightly inferior to Iqu
scheme (red dashed line).

Fisher information in terms of transmission
^ ¼ 4 sinh2 :
tion flux hNi

and detec-

^
^
^ 2
^
hNið4
þ hNiÞ
hNi
hN^ 2 i þ 4hNi
 hIqu i ¼
; (4)
>
^
^
8 þ 4hNi
8 þ 4ð1  ÞhNi
12
where the upper and lower limits correspond to ¼ 1, 0,
respectively. Therefore, even in the worst case, losses
^
when
approaching 100%, asymptotically hIqu i  hNi=4
1=2
^
 ! 1 and precision scales  / hNi
, as with shot
noise (in stark contrast to the exponential deterioration in
performance of other schemes [6]). As losses increase, flux
^ can be maintained by turning up the parametric-gain ,
hNi
but the Fisher information will inevitably deteriorate be^ above. It is
cause of its separate dependence on and hNi
not known whether optimal measurements in the lossy case
can be independent of the true parameter value , certainly
photon correlation measurements J^za  J^zb are no longer
optimal, see Fig. 3(ii). From Eq. (4) it is seen that our
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scheme performs better than a sample illuminated with
coherent light of the same detected flux, for which hIqu i ¼
^
^ Transmission must
hNi=2,
when > 1=2 þ 1=ð2 þ hNiÞ.
be better than 50% in the high flux limit to obtain a
quantum advantage with PDC.
Summary and outlook.—We have presented a parameterestimation protocol with several strengths. In a nondissipative environment, Heisenberg scaling is achieved with
simple fixed measurements. Our scheme can be implemented using PDC and linear optics, and under severe
dissipation (approaching 100%) it is still capable of precision scaling at the shot-noise limit. There exist a variety of
applications, such as fiber calibration, the phase microscopy of fragile biological specimens, and optical gyroscopes for GPS-free navigation. The increasing
asymmetry of the state with the magnitude of one-sided
rotations has a quantifiable utility in reference frame alignment [18].
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(2001); M. Rådmark et al., arXiv:0903.2454.
[2] J. Schliemann, Phys. Rev. A 72, 012307 (2005).
[3] H. S. Eisenberg et al., Phys. Rev. Lett. 93, 193901 (2004).
[4] G. A. Durkin et al., Phys. Rev. A 70, 062305 (2004).
[5] G. A. Durkin et al., Phys. Rev. Lett. 88, 187902 (2002).
[6] X-Y. Chen and L-Z. Jiang, J. Phys. B 40, 2799 (2007).
[7] M. Kacprowicz et al., Nat. Photon. 4, 357 (2010).
[8] G. A. Durkin, New J. Phys. 12, 023010 (2010).
[9] B. C. Sanders and G. J. Milburn, Phys. Rev. Lett. 75, 2944
(1995); D. W. Berry and H. M. Wiseman, Phys. Rev. Lett.
85, 5098 (2000).
[10] A. Monras, Phys. Rev. A 73, 033821 (2006).
[11] Spin notation: J^i jj; mii ¼ mjj; mii . Operator J~2 ¼
P
^2
~2
i2fx;y;zg J i gives J jj;mii ¼ jðj þ 1Þjj;mii and labels subspaces invariant under the action of SUð2Þ. Ladder operaðjÞ
ðmÞjj;m  1iz ,
tors are J^ ¼ J^x  iJ^y , and J^ jj;miz ¼ N
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðjÞ
where N ðmÞ ¼ ðj  mÞðj  m þ 1Þ. Wigner’s rotation
0
^
matrix is dðjÞ
m0 ;m ðÞ ¼ hjm jz expðiJ y Þjjmiz .
[12] G. A. Durkin and J. P. Dowling, Phys. Rev. Lett. 99,
070801 (2007).
[13] See supplementary material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.105.013603.
[14] S. L. Braunstein et al., Ann. Phys. (Leipzig) 247, 135
(1996); S. Boixo et al., Phys. Rev. Lett. 98, 090401 (2007).
[15] O. E. Barndorff-Nielsen and R. D. Gill, J. Phys. A 33, 4481
(2000); H. F. Hofmann, Phys. Rev. A 79, 033822 (2009).
[16] D. Rosenberg et al., Phys. Rev. A 71, 061803(R) (2005).
[17] M. Aspachs et al., Phys. Rev. A 79, 033834 (2009).
[18] G. Gour et al., Phys. Rev. A 80, 012307 (2009).

013603-4

