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Abstract

This paperreportsthestudyof four time-frequency transformsappliedto vibrationsignalsandpresentsa new metric for com-
paringthemfor fault detection.Thefour methodsto bedescribedandcomparedaretheShortTime Frequency Transform(STFT),
theChoi-Williams Distribution (WV-CW), theContinuousWaveletTransform(CWT) andtheDiscreteWaveletTransform(DWT).
Vibrationdataof bevel geartoothfatiguecracks,underavarietyof operatingloadlevels,areanalyzedusingthesemethods.Thenew
metricfor automaticfaultdetectionis developedandcanbeproducedfrom any systematicnumericalrepresentationof thevibration
signals.This new metricrevealsindicationsof geardamagewith all of themethodson this dataset.Analysiswith theCWT detects
mechanicalproblemswith thetestrig not foundwith theothertransforms.TheWV-CW andCWT useconsiderablymoreresources
thantheSTFTandtheDWT. More testingof thenew metric is neededto determineits valuefor automaticfault detectionandto
developmethodsof settingthethresholdfor themetric.

Introduction

Many metricsbasedon frequency analysisarecurrentlyused
on vibration data to detectfaults from gear boxes [1]. Al-
thoughthesemethodshavebeenshown to find faults[2], tradi-
tional methodssuchasspectrumanalysis,waterfall plot, cep-
strumanalysis,andmatchedfiltering [3], weredevelopedfor
useon stationarydata. However, many systemsare not sta-
tionary. For instance,in HealthandUsageMonitoringSystems
(HUMS) [4], thevibrationalfrequenciesbeingmeasuredby the
accelerometerscanchangerapidly in time,especiallyif a fault
hasoccurred. Many typesof geardamageproducelocalized
changesin the signalso that the signalis no longerstationary
onthetime-scaleof thegeartoothmeshing.Thesignalnearthe
meshingwith adefectivetoothmayvaryconsiderablyfrom the
restof the signal. If the situationis critical, it is importantto
determinetheseverity sothatcorrectiveactionscanbetaken.

In standardFourier analysis,for example, a signal is de-
composedinto individual frequencies.Unfortunately, thereis
no way to determineat what point in time eachof thosefre-
quencieshasoccurred. However, thereare signalprocessing
methodswhich give local informationaboutbothtimeandfre-
quency. Thesemethodslocalize faults in time and therefore
maybemoresensitive to earlychangesin thesignaldueto im-
pendingfaults.
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Many time-frequency (TF) methodshave beenapplied to
the detectionof faults in gears. Wanghasclaimedthe Short
Time Fourier Transform(STFT) to be a powerful tool in de-
tecting local gear damageat an early state[5]. In periodic
data,strongharmonicsmayobscuresmalltransientevents.Ac-
cordingto onestudy, STFTswill performbetterherethancon-
ventionalmethods[6]. Othershave investigatedSTFT meth-
ods for the early detectionof faults in gears[7, 8]. With the
Wigner-Ville Distribution (WV-CW), local tooth faultsin spur
gearshave beenfoundwith this method[1]. Otherresearchers
have beeninspiredby WV-CW and have modified it to cre-
ate their own methods[9, 10, 6]. The ContinuousWavelet
Transform(CWT) is becomingstudiedmoreandits usefulness
increases.In onestudy, the phasemapof the wavelet trans-
form was found to have distinctive featuresneara tooth that
wascracked [11]. In anotherstudy, satisfactory resultswere
obtainedfrom a de-noisingmethodbasedon wavelet analy-
sisusedfor thediagnosisof mechanicalvibrationsignals[12].
Many othersusetheCWT asappliedto thedetectionof faults
in gears[13, 5, 14, 15, 16, 17, 18]. TheDiscreteWaveletTrans-
form (DWT) or Multi ResolutionAnalysishasalsohadsome
goodresultswith gearfaults. In onestudy, whenthedatawas
preprocessedusingtheDWT andthenfedinto amultilayerneu-
ral network, gearfaultsweresuccessfullyfoundandclassified
into differentgroups[19]. In anotherstudy, theDWT wasused
to createa residualerror. The probability densityfunction of
the residualerror was then expandedinto a Hermite polyno-



Figure1: OH-58A HelicopterMain-RotorTransmission.

mial andthecoefficientswereusedasa featurevectorto esti-
mateearly fatiguecracksin gears[3]. Otherresearchershave
hadbothmixed andgoodresultsusingthe DWT in gearfault
detection[20, 4].

It is extremelydifficult to usea TF methodasit standsalone
for HUMS analysis. The dimensionalityis simply too large.
In addition, thereis no obvious fault detectioncriteria, other
thanhumanobservation, without somedimensionalityreduc-
tion. Someauthorshave reducedthe dimensionalitywithout
creatinga metric [12, 8]. Otherresearchershave reducedthe
inputinto aneuralnetandusedit asaclassifier[19, 1]. Because
of theway thenetsweretrained,thenetswereover-trainedon
a few specificexamplesof faults and thereforemay not find
faultsthatdiffer from any in thetrainingset.Finally, someau-
thorshavebothreducedthedimensionalityandcreatedmetrics
[13, 3, 21, 4, 6, 7]. For example,in [6], they usea generalized
andimprovedvariationof Choi-Williams calledRID. They an-
alyzedaspectrogramwith singularvaluedecomposition.Then
they looked at scatterplots of the first two principal compo-
nents.Williams alsoexaminedametricproducedby projecting
ontowhatWilliams callsthe“zero-subspace”andwhatthecur-
rentauthorsinterpretasbeingthenoisesubspacefor thenormal
andfaulteddata.A squareddistancemeasurebetweenthepro-
jectionof faultyandnormalsignalswasthenstudied.

Thesefour methodswill becomparedby first analyzingthem
on a set of experimentaldataknown as the Multiple-Seeded
Fault Data. Thenthedimensionalityof their resultswill bere-
ducedbyusingsingularvaluedecomposition(SVD).Finallyall
four methodswill becomparedwith eachotherusinga simple
one-dimensionalmetricdevelopedby theauthors.Thefollow-
ing areincluded:theassumptions,resources,resolution,speed
of calculationandresultsof analyses.

Description of Test and Analysis

Test

Thevibrationdatareportedin the currentwork wereacquired
from testsperformedat the NASA Glenn ResearchCenter.
ThetestswereperformedonanOH-58A helicoptermain-rotor
transmission(Fig. 1) in theGlenn500-hpHelicopterTransmis-
sion TestFacility asseenin Fig. 2. Theobjective of the tests
wasto supplyexperimentaldatato studythedetectionof gear
toothfatiguecracksandtheir propagationratesundera variety
of operatingloadlevels.Thegearunderstudyis thespiralbevel
pinionwith 19 teeth(Fig. 3a).Ninenotcheswerefabricatedon

Figure 2: NASA Glenn 500-hpHelicopterTransmissionTest
Facility.

(a)normalteeth

(b) fracturedteeth

Figure3: OH-58ASpiral-Bevel Pinion

variousteethof thepinion. Thenotchsizesvariedfrom 0.5 to
0.1" in length,and0.015to 0.045" in depth. The pinion was
run4.9million cyclesat6060rpmandtorquelevelsfrom 2479
to 4649in-lb (80, 100,125 and150%designload), seeTable
1. After 1.9 million cyclesat 4649 in-lb, five teethfractured
off the pinion asseenin Fig. 3b. More informationaboutthe
transmissionandtestrig canbefoundin Lewicki andCoy [22].

During the tests,vibration datawereperiodicallycollected
from the transmission.Five piezoelectricaccelerometerswere
mountedon the OH-58A transmissionhousingas shown in
Fig. 4. Theaccelerometerswerelight-weight,high-frequency,
andhadintegral electronics.They hada nominalresonantfre-
quency of 90 kHz andanoutputsensitivity of 10 mV/g. Mea-
surementsfrom accelerometernumbers1, 2, 4 and5 wereused
in thecurrentstudy. Accelerometers1 and2 wereclosestto the
pinion gearon theinput shaft.Accelerometernumber1 is ori-
entedradially to theinput shaftandaccelerometernumber2 is
tangentialto the input shaft. Accelerometernumber4 is about



Table1: OH-58APinionOperatingConditions.

DataRecords 1-43 44-126 127-209 210-449
Time(cycles/million) 1 1 1 1.9

Speed(rpm) 6060 6060 6060 6060
Torque(in-lb) 2479 3099 3874 4649
Torque(%) 80 100 125 150

45 deg away from the pinion orientedradial to the planetary
gear. Accelerometernumber5 is by theoutputshaftabout90
deg from theinput shaftorientedin thesamedirectionasnum-
ber1. Thesynchronouslyaveragedsignalfrom accelerometer
number1 showed consistentlyhigher amplitudethan signals
from the other accelerometers.The resultspresentedin this
paperwill concentrateon measurementsfrom accelerometer
number1. Becausethepinioncontained19 teeth,thevibration
signalsfrom the healthygearareexpectedto containa wave-
form with 19 repetitionper rotationandsignificantfrequency
componentsat 19 timestheshaftrotationandits harmonics.

The vibration data were recordedon magnetictape using
high-frequency widebandgroup II electronicsapproximately
every 180,000cycles(every 30 minutes). The datawerethen
postprocessed.Datafor four of theaccelerometerswereinter-
polatedto 1024pointsperrotationof thepinion andthensyn-
chronouslyaveraged. By synchronouslyaveraging,the com-
ponentsof thesignalnot synchronouswith thepinion rotation,
bothnoiseandsignalsfrom otherhardware,arereduced.The
vibrationsignalis relatively stationaryon thetime scaleof the
gearrotationbecausethe test rig is operatedundervery tight
conditions,soaveragingon the time-scaleof thegearrotation
is reasonable.Local signal componentsdue to geardamage
will bepreservedaslong asthesignalrepeatseachrotationof
thegear.

Overview of Analysis

Thecurrentstudystartedwith thesynchronouslyaveragedtime
histories.Thedatawerethendecimatedby anorderof four to
256pointsfor theanalysesin this paper. It wasnot practicalto
performsomeanalyseson the longerblocksizes.In addition,
the higherfrequencieswerenot neededto find changesin the
datadueto geardamage.

In this study, thetermtime-frequency will beused.Therep-
resentationsof thedataareactuallysampledat uniform phase
spacingof the gear insteadof uniform time. This keepsthe
signal in phasewith the gearteetheven thoughthe rpm may
change. Also, someof the transformsdo not transforminto
frequency, but somethingverysimilar to frequency.

The analysisin this study projects the synchronouslyav-
eragedtime history onto a time-frequency space. All time-
frequency transforms in this study except the orthogonal
wavelet transform,projectthevibrationsignalontoa spaceof
muchhigherdimensionandthusproduceaveryredundantrep-

Figure4: AccelerometerLocationson OH-58ATransmission.



resentationof the signal. The elementsin the time-frequency
spaceare signalswith localizedfrequency and time content.
Local featuresin the vibration signalwill be well represented
in thetime-frequency space.A modelwill beproducedby pro-
jecting the signal representationonto a very low-dimensional
subspace. This low-dimensionalsubspaceof the very large
time-frequency spaceis optimizedto representthe signal. A
metricthatdeterminesfaultswill beproducedbaseduponhow
closely the projectionof the transformedsignalonto the very
small subspacematchesthe original signal. This metric is a
measureof thedistanceof a signalfrom themodel.

All of thecomputationalanalysesweredonewith themath-
ematicalsoftwarepackageMATLAB.

Time-Frequency Methods

Formulasfor continuoustime transformsoffer a moreconcise
notationthanthoseof discretetime. Although this papercon-
tainscontinuoustime formulas,thediscretetime analogswere
usedfor thecomputation.As far asa bit of notation,if f � x � is
a function,then f � x � is its complex conjugate.

Short Time Fourier Transform (STFT)

TheShortTime FourierTransform(STFT),alsoknown asthe
WindowedFourierTransformor spectrogram,is adevelopment
that extendsstandardFourier Transformtechniquesto handle
non-stationarydata [23]. Fourier Transformsare applied to
shortwindows of data. Thesewindows aremoved along the
dataandmay overlap. This transformsone-dimensionaldata
into two-dimensionaldata,onedimensionfor frequency anda
seconddimensionfor window locationin thedata.TheSTFT
givesinformationfor a fixedfrequency andtimeresolutionde-
pendentonthewindow. An impulsiveeventappearsin anSTFT
asincreasedlevelsfor all frequenciesatthetimeof theimpulse.
Thelimitation of theSTFTis thatsignalcomponentshaving a
poor matchto the fixed time andfrequency resolutionwill be
obscured.

Givena time interval T � 0 � let g � u � bea functionthatvan-
ishesoutsidethe interval � T � u � 0 � The STFTof a function
f(u) is definedto be�

f � ω � t �
	 � ∞� ∞
g � u � t � f � u � e � 2πiωudu � (1)

The analysesin this paperuse a Hanning window of 32
pointsin lengthwith 24 pointsof overlap.

Choi-Williams Distribution

The Wigner-Ville Distribution (WV) is a nonlineartransform
thatmapsone-dimensionaldatainto two dimensions.Onedi-
mensionhasfrequency-likecharacteristicsandtheotherdimen-
sionhastime-likecharacteristics.IntegratingtheWV alongthe
frequency-like dimensionproducesthe squaredamplitudeof
theoriginal signal. IntegratingtheWV alongthe time-like di-
mensionproducesthesquaredamplitudeof theFourierTrans-
form of theoriginal signal.

TheChoi-Williams Distribution (WV-CW) is a modification
of the Wigner-Ville Distribution[24, 25]. As one of the first

time frequency methodsto be used,this distribution hasbeen
widely studied.Givena function f � u � theWigner-Ville Distri-
bution is definedas

W � t � ω �
	 1
2π

� ∞� ∞
f � t � 1

2
u � f � t � 1

2
u � e � iuωdu � (2)

Unfortunately, if the signal is even moderatelycomplicated,
therewill besignificantcross-termswhichwill makeinterpreta-
tion nearlyimpossible.TheChoi-Williams Distribution usesa
kernel(anadditionalmultiplied terminsideequation2) which
dampensout the cross-terms.While still present,the cross-
termsaresignificantlydampenedandno longercausea prob-
lem in analyzingthesignal.ThekernelthatChoiandWilliams
chosewas

φ � θ � τ �
	 e
� θ2τ2 � σ2

(3)

wheretheparameterσ controlstheamountof attenuation.The
amplitudeof thecross-termsis directlyproportionalto σ � How-
ever, if thecross-termsaresuppressedtoomuch,thentheauto-
termswill loseresolutionin thetimefrequency plane.Thefinal
Choi-Williams Distribution is definedas

W � t � ω � θ � τ ��	
1
2π

� ∞� ∞
f � t � 1

2
u � f � t � 1

2
u � e � θ2τ2 � σ2

e
� iuωdu (4)

For this studyσ 	�� 05�
Continuous Wavelet Transform

The Continuous Wavelet Transform (CWT), is a time-
frequency methodthatbuildsontheideaof theSTFT. Whereas
the STFT is limited in resolutionbecauseof its fixed window
size,theCWT usesavariablewindow sizewith shortwindows
for high frequenciesand long windows for low frequencies.
ThisallowstheCWT to beapowerful tool in representinglocal
featuresof a signalthat othermethodssuchasthe STFT may
missentirely.

Givena motherwavelet, all otherwaveletsaremadeby di-
lating and/ortranslatingthe motherwavelet. Thesewavelets
aremovedalongthedataandoverlap.This transformstheone-
dimensionaldata into two dimensions. The first is for scale
(thesizeof thewavelet)andthesecondis for thelocationin the
data. For eachwavelet, the scalescanbe convertedbackto a
rangeof frequencies.

In continuous wavelet analysis [23], we begin with a
complex-valued window function ψ � t � called the mother
wavelet. Givenanarbitrary p � 0 andany realnumbers �	 0 �
themotherwaveletis definedas

ψs � u ����� s � � pψ � u
s
��� (5)

In order to describea given signalat a local time, the signal
is comparedto translatedversionsof ψs � Given an interval of



lengthT nearu 	 0, if ψ � u � is supported(non-zero)onT , then
nearu 	 0 � ψs � u � is supportedonaninterval of length � s � T and
thefunction

ψs � t � u ��� ψs � u � t ��	�� s � � pψ � u � t
s

� (6)

is supportedon � s � T near u 	 t � Assumingthat the mother
waveletbelongsto L2 � R � thenψs � t doesalso. If a givenfunc-
tion (signal) f � t � also belongsto L2 � R � , then the continuous
wavelettransform(CWT) is definedas�

f � s � t �
� � ∞� ∞
ψs � t � u � f � u � du � (7)

For this studytheseventhorderDaubechieswaveletscaling
filter, known asdb7wasusedon all of thedatarecords.

Discrete Wavelet Transform

Given functions f � x � andψ � x � suchthat � ∞� ∞ ψ � t � dt 	 0 � the
discretewavelettransformof f � x � is definedto be[26]�

f � a � b ��	 � ∞� ∞
ψ � a � mt � nb � f � t � dt (8)

It is thendivided into two cases. In the first case,called re-
dundantdiscretesystemsor frames,the dilation parameter, a �
andthetranslationparameter, b � arediscrete.In particular, for
a � only powersof onefixeddilationparametergreaterthanone
areused.Thisdiscretesystemis notusedin thispaperandwill
not bediscussedfurther. In thesecondcase,calledorthogonal,
orthonormalor muti-resolutionanalysis,specificchoicesof a �
b � andψ aremadeso that the waveletsthat arecreatedform
anorthogonalor orthonormalbasis.For example,if a 	 2 and
b 	 1 � thenthereexistsψ suchthat

ψm � n � x �
	 2
� m � 2ψ � 2� mx � n � (9)

form anorthonormalbasisfor L2 � R ���
TheMulit-ResolutionAnalysis(MRA) is a fastiterative al-

gorithmwhich analyzesany signal.At eachlevel of decompo-
sition, a signalis high-passfiltered anddown-sampledto pro-
duceoneof thedetailsignalscomprisingthewaveletanalysis.
The samesignal is also low-passfiltered and down-sampled
to producethe next averagedsignal to be usedaspart of the
wavelet analysis.This whole processis repeatedon the aver-
agesignalenoughtimesfor thenecessaryanalysisof thesignal.

In this study, the seventhorderDaubechieswavelet scaling
filter, knownasdb7wasalsousedonthediscretewavelettrans-
form. Therewereseven levelsevaluated.This producesseven
detailsandoneaverage.Theresultsaredistinctfrom theCWT
versionof db7. Oneobvious reasonbeingthat the DWT db7
providesan orthonormalbasisof waveletsso that thereis no
redundancy in the representationof the transform,unlike the
CWT db7.

Modeling and Metric with SVD

By themselves,the time-frequency analysesalonearenot suf-
ficient for detectingfaults. All of the time-frequency methods

usedin this paper, except the discretewavelet transform,ex-
pandthe dimensionalityof the representationof the data. Al-
thoughvariousresearchers[1, 3, 4, 5, 7, 6, 15, 17] have found
early indicationsof faultswith time-frequency methods,man-
ually inspectingthe resultsof the transformswill not produce
a viable methodof detectingfaultsin a HUMS system.Fault
detectioncanbesimplifiedby projectingthe transformeddata
onto a lower dimensionalmodel subspace.A model will be
madebasedupona time-frequency analysisof a subsetof the
datacalled the training set. This techniqueproducesa small
numberof coefficientsthatdescribethedatain themodelsub-
spaceanda residualthatis thedifferencebetweenthedataand
thedataprojectedontothemodelsubspace.Themodelcoeffi-
cientsand/ortheresidualcanthenbeusedfor faultdetection.In
thiswork, we will usetheratioof thermsof theresidualto the
rmsof thetransformof thedataasa metric for fault detection.
Thevalueof this metricrangesfrom 0 for datathatis perfectly
describedby the model to 1 for datathat is orthogonalto the
model,meaningthat it is totally outsidethe model. This nor-
malizedresidualwill be tracked andwhenthe level increases
thereis indicationof a changein the stateof the gearoutside
therangeof thetrainingset.

Thebasesdefiningthemodelwill bederivedfrom datain the
training set. By deriving the basisvectorsfor the modelfrom
thedataratherthanastandardexpansionsuchasFourierSeries,
datawill fit betterwith fewer terms. This kind of modeling
hasbeenusedto compressdatafor a varietyof problems[27,
28, 29, 30, 31, 32, 33]. Severalmethods,PrincipalComponent
Analysis,Blind SignalSeparation,Karhunen-LoèveTransform
andSingularValueDecompositionaccomplishthis modeling
with the samemathematics.The modelingis describedhere
within theframework of theSingularValueDecomposition.

For modeling, the time-frequency analysis of each data
recordis reshapedinto a one-dimensionalcolumnvectorand
all of thevectorsfrom thetransformeddatasetareplacedinto
amatrix X . Thetrainingset,Y is asubsetof X . Y is anIxJ ma-
trix of J datarecordtransforms,I pointslong.Y is factoredwith
a SingularValueDecomposition(SVD). TheSVD producesa
diagonalmatrixof singularvalues,S, andtwo unitarymatrices,
U andV . Thesematricesarerelatedby Y 	 U � S � V � . There
areK 	 min � I � J � singularvalues.Thecolumnsof U form aba-
sisfor thecolumnandleft null spacesof Y . Thecolumnsof V
form a basisfor therow andright null spacesof Y . Thesingu-
lar valuesindicatetheamountof eachbasisvectorin thematrix
Y . A subsetW is formedfrom thecolumnsof U dependingon
how many of thelargestsingularvaluesin S areconsideredsig-
nificant. Themodelconsistsof theprojectionof thedataonto
the subsetbasis,W . The coefficients,D, from this projection
now form a compactdescriptionof thedataanalyzedwith the
time-frequency method,

D 	 W � � X (10)

whereW � is the Hermitiantransposeof W � Eachcolumnin D
containsthecoefficientsfor themodelof thedatain thecorre-
spondingcolumnof X .



A modelrepresentationof thedata,M, canthenbecreated

M 	 W � D � (11)

Now thatthereis a model,definetheresidual,R � to be

R 	 X � M � (12)

Each column of R 	�� R1 � R2 � �!�!� Rm � contains the residual
for the correspondingcolumn of the transformeddata, X 	� X1 � X2 �"�#�!� Xm � . Definea real-valuedmetric asthe ratio of the
rmsof theresidualto thermsof thetransformeddata,

r � l �
	 � Rl �� Xl � (13)

This metric measureshow eachdatarecorddiffers from the
model. High dimensionaldatahave beencompresseddown to
a singlenumberfor eachdatarecord.

For fault detection,the training setwould containa sample
of datarecordsfrom thegearrunningwithout faults.Measure-
mentswith no alterationsto goodgearswerenot availablefor
this dataset. In thecurrentwork, thetrainingsetcontainsdata
recordsfrom theearlierpartof thetestwherethegearwasex-
pectedto containtheleastamountof damage.Modelswerefirst
madeusingthe first 126datarecordsfor the training set. The
resultsshowedanomaliesin someof themodelsfor thepoints
27-32and44-53. A new training setwasselectedto contain
half thedatarecordsfrom 1-26,33-43and54-126.Theresult-
ing modelcoefficientsand residualsfor the training setwere
similar to thosefor thenon-anomalousdatain thefirst 126data
recordsandnot in the training set; thus,giving confidenceto
themodel.

The numberof basisvectorsor modesto usein the model
mustbedeterminedfor eachmodel.If too few modesareused,
themodelwill poorlyrepresentthetransformedvibrationsignal
from thegoodgear. If too many modesareused,morecompu-
tationwill berequiredproducingmorecoefficientsthanneeded
andthemodelmayover fit thedata.Severalcriteriaareavail-
able.Thenumberof modescanbechosento accountfor afixed
amountof rmsor variancein thetrainingset[34]. Thismethod
requiresselectinga cutoff criteria. The numberof modescan
be chosenby examining the basisvectorsand choosingonly
thosethat look like a signal[33]. This methodis labor inten-
siveandrequiresselectingacutoff criteria.Anotherwayis that
the numberof modescanbe selectedby statisticalhypothesis
testingof the multiplicity of a noiseeigenvaluein the singu-
lar valuesto distinguishbetweennoiseandsignal[35, 36, 37].
Theauthorschoseto usethis lastmethodwhich is commonly
usedin arraysignalprocessingfor methodsthatrequireknowl-
edgeof thenumberof signalsin thedata.This methodmakes
theassumptionthatdataarethesumof anunknown numberof
stationarysignalsandergodicGaussianrandomnoise.

Whentheindividualdatarecords,Yl , in thematrixY areran-
dom samplesfrom a processcontaining j signalsandrandom
noiseof amplitudeσ, thefirst j of theJ singularvaluesareesti-
matesof thesignalstrengths.Thermsof theremainingsingu-
lar valuesareanestimateof thenoisestrength,σ. For Gaussian
randomnoise,the remaininglower level singularvaluescome

from a normaldistribution with a meanof σ. A Minimum De-
scriptionLength(MDL) is found by taking a maximumlike-
lihood estimateof the parameters.Given a vector, s � of the
K singularvalues,theestimateof thenumberof signalsis the
valueof j thatminimizestheMDL

MDL � j �$	�� L � j �%� j � 2D � j � 1�
2

ln � J ��� (14)

where

L � j �
	 J � K � j � ln

&'''(�)
∏K

j * 1s2 + 1,
K - j .

1/
K � j 0 ∑K

j * 1s2

132224 (15)

In determiningthenumberof degreesof freedomin theMDL
calculation,thenumberof pointsin adatarecord,D 	 256,was
used,insteadof D 	 M for thedatalength. This wasdonebe-
causemost time-frequency methodsproduceredundantinfor-
mationfrom theoriginal shorterdatarecord.

Results

Threedatarecordswere chosento be representative of what
occurredduring themajorpointsof thetest. Althoughnineof
theteethhadbeennotchedin thebeginning,it wasassumedthat
for aperiodof timethatthesystemwouldrunin alessdamaged
state.Datarecord25 wasusedto representthis periodof time.
In themiddleof thetest,it wasassumedthatsomeof theteeth
would begin to breakoff or becomeseverely damaged.Data
record250 wasusedto representthis middle part of the test.
Themostseveredamagewould occurneartheendof the test.
Datarecord449wasusedto representthis lastpartof thetest.

The analysesweredoneon four accelerometers.The main
discussionfor eachtransformwill coveraccelerometernumber
1 followedby a brief discussionof theotheraccelerometers.

Time History

Therearea total of 449datarecordswith torquerangingfrom
80% to 150%� Figure5 shows a sampleof datarecordsfrom
differentpartsof thetestrecordedonaccelerometernumber1.

In Fig. 5a andb, datarecord25 and100, torque80% and
100%� the dataclearly shows a waveformwith a repetitionof
19throughoutonerotationcorrespondingto the19 teethon the
gear. In Fig. 5c,datarecord150with torque125%,thereis less
cleardefinitionof thesignalbetween0 and0 � 2 of the rotation
and between0 � 7 and 1 � This could be signalsfrom adjacent
teethbeginning to merge. In Fig. 5d, at datarecord230 and
150%torque,at approximately0.1, 0.78,and0.9 of the rota-
tion, thewavelengthof thewaveformappearsto have doubled.
In Fig. 5e,at datapoint 250and150%torque,thestructureis
now completelydifferentandtheamplitudehasincreased.By
the final datarecord,Fig. 5f, datarecord449, torque150%,
it appearsthat thereis now a structureof approximately9 per
rotationwith almost6 timestheoriginalamplitude.
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125%torque,d) datarecord230,150%torque,e) datarecord
250,150%torque,f) datarecord449,150%torque
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Figure6: ShortTimeFourierTransformfor Accelerometer1 a)
datarecord25, 80% torque,b) datarecord250,150%torque,
c) datarecord449,150%torque

Short Time Fourier Transform

Thetime shift in theSTFTvariesalongthex-axisoveronero-
tationof thepinion. They-axisrepresentseachfrequency with
the lower frequenciesat the top of theaxisandthehigherfre-
quenciesnearthebottom.Theblocksizerepresentsthewindow
sizethatwaschosen.In this casethereare29 blocksthatspan
theentireSTFT. Unlike theCWT this is thesmallestresolution
becauseof thefixedwindow size.Thesmallestfrequency is 1

8
of therotationor 2 � 375timesthegearmeshfrequency, thegear
meshfrequency will registerat indices3 and4.

First, thediscussionwill be just aboutaccelerometer1. For
the early datarecord,25, the gearmeshsignal at the 19 per
rotationof datashows up in the analyses.Fig. 6a shows the
amplitudeof theSTFTfor datarecordnumber25� Noticehow
the dark line at approximatelyfrequency index 3 � runsacross
almostthe entirerotationindicatingthat the 19 per rotationis
very dominant.Also, thesecondharmonicis apparenton this
accelerometer. For theseconddatarecord,250� the lower fre-
quenciesdominateasseenonFig. 6b. Thedarkline hasmoved
to a lower frequency andis no longerassolid, indicatingthat
theremaybeproblemswith thegear. For thefinal datarecord,
449� theamplitudeshown in theanalysesis significantlylarger.



Also, the dominantfrequenciesarelower than19 per rotation
andvary uponthe locationof the rotation. Fig. 6c shows the
STFTfor datarecordnumber449. Now the line is onceagain
moresolid thatin recordnumber250,but ata lower frequency,
indicatingthatthegearno longerhas19 teeth.

Next comparethe accelerometers.In the early datarecord,
25,all of theaccelerometershave a strongcomponentat 3 and
4, correspondingto the gearmeshfrequency of 19 shafthar-
monics.For theseconddatarecord,250� thelower frequencies
dominateon accelerometer1 � On accelerometer2 � the dom-
inant frequency is still 19 shaft harmonics,and on the other
accelerometers,4 and5 � the dominantfrequenciesvary by lo-
cationup to 19 per rotation. Finally, for datapoint, 449� all
amplitudeshave increasedfor the accelerometers.The domi-
nant frequenciesareall lessthan19 per rotationandvary by
location.

Choi-Williams Distribution

The time shift in the Choi-Williams Distribution variesalong
thex-axisoveronerotationof thepinion. Theresolutionin the
time shift is the sameasthe resolutionin the data,256 points
per rotation. The y-axis representseachfrequency with the
lower frequenciesat thetop of theaxisandthehigherfrequen-
ciesnearthebottom.SincetheChoi-Williamsdatais four times
finer thantheFourier transform,the index for thefrequency is
at four times19,or at 76.

The first discussionwill be aboutaccelerometer1 � For the
early datarecord,25, the gearmeshsignal at the 19 per ro-
tation shows up in the analyses. Also, the secondand third
harmonicsareapparent.This canbeseenin Fig. 7a, theWV-
CW for datarecord25 asa solid dark line at approximately4
timesfrequency index equalto 76� or 19 perrotation. Vertical
streaksspacedat 19 per rotation are visible throughoutmost
of the “frequency” rangefor datarecord25. For the middle
datarecord,250� a lower frequency dominates.If Fig. 7b is
observedfor datarecord250,it is obviousthat thedark line is
now below 50� For thefinal point,449� theamplitudeis signif-
icantly larger. Notice, for example,on Fig. 7c for datarecord
449that theamplituderangeis now from � 5 to over15,a sig-
nificantchangefrom Fig. 7aand7b. In addition,thedominant
frequenciesarelower than19 perrotation.

Now all of the accelerometerswill be discussed. In data
record25� all accelerometersshowed the gearmeshsignalat
the 19 per rotationof the data. Accelerometers1 and5 also
clearly show two harmonics.For the middle datarecord250�
thegearmeshfrequency is pickeduponaccelerometers2,4 and
5 � Thetransformfrom accelerometernumber1 picksit upvery
faintly. All of the accelerometerspick up the lower frequen-
cies.At thefinal datarecord,accelerometers2 and5 havethree
prominentfrequencies,includingtheoriginalgearmeshsignal.
Transformsof bothaccelerometers1 and4 containstronglines
at 32and36� correspondingto 8 and9 shaftharmonics.

Continuous Wavelet Transform

Thetime shift in theCWT variesalongthex-axisover onero-
tationof thepinion. Theresolutionin thetimeshift is thesame
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Figure7: Choi-Williams Method for Accelerometer1 a) data
record25, 80% torque,b) datarecord250, 150% torque,c)
datarecord449,150%torque
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Figure8: ContinuousWavelet Transformfor Accelerometer1
a)datarecord25,80%torque,b) datarecord250,150%torque,
c) datarecord449,150%torque

astheresolutionin thedata,256pointsperrotation.They-axis
representseachscaleof the wavelet. The scale11 maximizes
thegearmeshfrequency. Thevalueat eachpoint of the image
representsthetransformeddataat thatscale.Notice,for exam-
ple, how in Fig. 8a theamplitudegoesup anddown at 19 per
rotationin theregion aroundthescalethatmaximizesthegear
meshfrequency. Also noticehow at theedgesof theimagethe
amplitudeis lessthan it is at the middle of the image. This
correspondsto thetimedatain which theamplitudeof thedata
alsoincreasesin themiddleof therotation.

The first accelerometer1 will be discussed.For the early
datarecord,25, the gearmeshsignalat 19 per rotationshows
up in the analyses.Fig. 8a shows this quite clearly. Count
the numberof wave forms. For the middle datarecord,250�
the gearmeshat 19 per rotation is not readily apparent.But,
structuresshowing lower frequency are there. Thesecan be
seenin Fig. 8b. They appearaslargerwavesat higherscales.
For the final datarecord,449� the dominantstructuresdisplay
frequencieslower than19perrotation.This indicatesthatthere
areno longer19 working teeth,in fact, far fewer. In addition,
theamplitudeis significantlylargerascanbeseenin thescale
barin Fig. 8c for datarecord449.

Now all of the accelerometerswill be discussed. In data
record25� all accelerometershave a clear19 pergearrotation
waveformacrossthewholerotationexceptfor accelerometer5
which hasa loweredamplitudefor the lastquarterrotation. In
datarecord250� accelerometer1 hasa lower frequency struc-
ture presentwhile accelerometers2 � 4 � and 5 have 19 wave-
formsstill present,but with lower frequency waveformsoccur-
ring also.In datarecord449� accelerometer1 hasa fairly clear
9 waveformwhile theother3 accelerometersaremixed.

Discrete Wavelet Transform

The DWT is distinct from the other transformsin this paper.
It doesnot expandthe dimensionalityof the representationof
thedata.In thiscase,wheresevenordershavebeenused,there
aresevenvectorsreturnedwhich arereferredto asdetailsand
onevectorwhich is referredto asan average. In Fig. 9, the
detailswith the highestfrequenciesareat the top of the plot.
Theaveragevector, which containsthe lowestfrequency, is at
thebottomof theplot. Also in Fig. 9, thetimeshift in theDWT
variesalong the x-axis over one rotation of the pinion. The
time resolutionis finer in thedetailsat lower scaleandhigher
frequency nearthetopof theplots.Thegearmeshfrequency at
19 shaftordersdoesnot matchany of thescales.Signalsat the
gearmeshfrequency aresplit mainlybetweenscales3 and4.

Thefirstpartof thediscussionwill justincludeaccelerometer
1 � For theearlydatarecord,25, thegearmeshsignalat 19 per
rotationshowsupin theanalysesaslargedetailsatscales3 and
4. Thiscanbeseenin Fig. 9afor datarecord25. At datarecord
250� details4 and5 arethe largest. Referto Fig. 9b for data
record250 for details. For datarecord449� theamplitudeson
all of the detailsandaveragearesignificantly larger. But, for
details,4 and5 � they aresignificantlylarger. Fig. 9cshowsthis
for datarecord449.

Now all of theaccelerometerswill beincluded.For theearly
datarecord,25� the gearmeshsignalat 19 per rotationshows
up in all of the analysisfor all of the accelerometers.At data
record250� details4 and5 are large on all of the accelerom-
eters. Finally, for datarecord449� the amplitudesaresignifi-
cantlylargerfor all of theaccelerometers.

SVD Models of Time-Frequency Analyses

SVD modelsweremadefor all four transformsof all four ac-
celerometers.The training set consistedof half of the non-
anomalousdatafor thetwo lowesttorquelevelsfor all 16mod-
els.Resultsfor accelerometernumber1, closeto thepinionand
approximatelyradial to the input shaft,follow: Figure10 dis-
playsthe normalizedrms residualfor all four time-frequency
analyses.For thefirst torquelevel of 80%in datarecords1-43,
the residuallevel is at the low baselinelevel for all time fre-
quency methodsexcept the CWT. For datarecords27-32 the
residualincreasedalmost100%overbaselinefor theCWT. For
the secondtorquelevel of 100% in datarecords44-126, the
residuallevelsarein two ranges,thelow baselineanda higher
level. For datarecords44-53,theresidualsfor theSTFT, WV-
CW andDWT show a slight increaseabove the baseline,the
residualfor theCWTshows100%increase.For thethird torque
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Figure9: DiscreteWavelet Transformfor Accelerometer1 a)
datarecord25, 80%torque,b) datarecord250,150%torque,
c) datarecord449,150%torque
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Figure10: ResidualRMS for all Four TF MethodsUsing the
Metric onAccelerometer1.

levelof 125%in datarecords127-209theresidualjumpsuptoa
largerlevel at thetorqueincrease.During thethird torquelevel
the residualfor the STFTgraduallyincreases,the residualfor
WV-CW initially jumpsupto about0.5thendecreasesto about
0.3 for mostof the records,the residualfor the CWT initially
jumpsup thendecreasesthensteadilyincreasesandthe resid-
ual for theDWT remainsaboutconstant.For thefourth torque
levelof 150%in datarecords210-449theresidualsfor all trans-
formsinitially jump up at datarecord210 thenrisesteadilyto
record238, thenjump up againandremainat a high level for
the remainderof the datarecords.In this last region thereare
smallchangesin theresidualoccurringaroundrecords300,410
and440.All residualsabovedatarecord240areat high levels,
closeto one. Thesehigh levels indicatethat the shapeof the
vibration signalsdiffer greatly from the shapeof thosein the
training set. For example,the time historiesin Figs. 12eand
12f do not resemblethosein Figs.12aand12b.

Theresidualsfor the otherthreeaccelerometersshow simi-
lar behavior overall with somevariations. The variationswill
be describedfor the CWT (Fig. 11). The residual for ac-
celerometernumber2, which is also closeto the pinion and
orientedapproximatelytangentialto the shaft of the pinion,
shows jumps near records400, 410 and 440. Below record
number150,wherethereis theleastdamageto thepinion, the
residualfor accelerometernumber5, with the sameorienta-
tion asaccelerometernumber1 and farthestfrom the pinion,
mostcloselymatchestheresidualfor accelerometernumber1.
Aboverecordnumber240,theresidualfor accelerometernum-
ber4, radial to theplanetarygearandoffsetabout45 deg from
the input pinion, mostcloselyresemblesthe residualfrom ac-
celerometernumber1.

For comparison,the rms levels for the four accelerometers
areshown in Fig.12. For accelerometernumber1, the rms is
low upthroughdatarecordnumber238with smalldecreasesat
thefirst andsecondtorquechanges.Thereis a jumpup around
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Figure11: CWT RMS Residualfor CWT UsingtheMetric on
all FourAccelerometers.

238, a gradualrise betweenrecords288 and320, jumpsnear
398and412,a very steeprise from 440 to 443 followedby a
dropoff over thefinal records.

The Choi-Williams methodgave the bestfit for all of the
accelerometersfrom datarecords1 : 127� the pointsthatwere
usedin the training. For accelerometers1 and3, the Discrete
WaveletTransformandtheShortTimeFourierTransformboth
fit poorly for thesamedatarecords.

Thecoefficientsgeneratedby themodelandnot shown here
relateto both thetorquelevel of thegearandthehealthof the
gear. In all of the modelsthe coefficients changewhen the
torquechanges.The coefficientsalsochangefor mostof the
16 modelsat datarecords27, 33, 44, 54, 240,280,393,408,
440and443.Coefficientsfrom themodelsmadewith theDWT
show theleastamountof changeat thoserecords.

Discussion

Computer resources

All of thecomputationsweredoneon a generic550Mhz Pen-
tium III Xeonwith 1 Gbof memoryrunningRedhatLinux 6.2.

Referringto Table2, in increasingorder, asingleSTFTtook
just � 005secondsto complete.A DWT took � 096secondsand
a CWT took 1 � 37 seconds.TheWV-CW which took 2 � 48 sec-
ondsto performwasby far thelongestsinglemethod.

Also, in increasingorder, the SVD timesfor a singleDWT
took 4 � 7 seconds.A STFT took 6 � 0 secondsanda CWT took
77� 9 seconds.Again, the methodwhich took the longestwas
theWV-CW, taking176� 4 seconds.

Althoughtherewereno exactfigureskepton theamountof
spaceusedfor eachof the methods,from estimates,theDWT
took the leastamountof space. The STFT took the second
most,andthe CWT took the next. The WV-CW, with a very
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Figure12: RMSof TimeDataon All FourAccelerometers

largemargin, took themostmemory.
The WV-CW method took the most computer resources

withoutshowing a clearbenefitoverothermethods.

SVD Modeling and Metric

All four time-frequency analysesclearly show changesin the
dataover the courseof the experiment. The experimentdid
not provide a way to directly determinethe stateof the gear
during theexperiment.Thegearcontainednotcheson nineof
the teethbeforedatarecordone and the gearsustainedcon-
siderabledamageby the endof the experiment. The damage
probablyoccurredin stages.Changesin the vibration signal
areindicatedby themodelingof thetime-frequency transforms
atdatarecords27-32,44-53,127-209,210-240,240,285,400,
410,440and443-449.

Thelocal increasesin theresidualat datarecords27-32and
44-53 are very evident on the modelsfor the CWT models,
but not clearfor theotherthe time-frequency transforms.The
modelcoefficientsin theselocal regionsdiffer for the models
of all of the time-frequency analysesand all accelerometers.
Thesefindings coincidewith data recordswhere the test rig
may have hadproblemswith the input shaft. Theserelatively
highlevelsof theresidualareprobablydueto mechanicalprob-
lemswith thetestrig.

Thevery steepjump in theresidualat thesecondtorquein-
creaseat datarecord127 may indicatesomegeardamageoc-
curredat this time. The residualchangeindicatesa changein
thecharacterof thesignal,not theamplitudeof thesignal.Al-
thoughthe characterof the vibration signalof a gearchanges
with torque, examining measurementsfrom gearsknown to
containno damageleadsto anexpectationof a smallerchange
in the residualfor the torquechangein this experiment. It is
plausiblethat if a crackin thegearwason thevergeof propa-
gatingandcausingfunctionaldamagethatanincreasein torque
wouldinitiatethedamage.Thetimehistoryin Fig. 12cfor data



Table2: MethodComparisons

Time SVD Samples Spectrum
(sec.) times(sec.) perRev. in shaftharmonics

STFT .005 6.0 256 128
Choi-Williams 2.48 176.4 256 64
ContinuousWavelet 1.37 77.9 256 128
DiscreteWavelet .096 4.7 256 128

record150 shows someof the waveformswith a tooth-width
wavelengthbeginning to mergenear0.1, 0.75and0.85of the
rotationwhencomparedwith thetimehistoriesfrom theearlier
recordswhich more clearly contain19 individual waveforms
for the 19 teethon the pinion. With minor damageto a gear
tooth, the toothmay no longercarry its shareof the load thus
producingchangesin thevibrationsignal,includingthemerg-
ing of waveforms.Thelargejump at thesecondtorquechange
mayoccurbecausethetorqueis increasingfrom 100%to 125%
of full load.Thelargejumpin theresidualatrecord127is prob-
ably a combinationof changeto a torquelevel not includedin
thetrainingsetandchangein theshapeof thetime historydue
to minor damageto someof thegearteeth.A trainingsetcon-
tainingdatawith agoodgearrunningat125%torqueis needed
to make moredefinitestatements.Thegradualincreasein the
residualfor many of themodelsin thethird torqueregion may
indicategradualincreasingdamage.

The steepjump in the residualat the final torqueincrease
(datarecord210) and gradualincreasefor aboutthe next 40
datarecordscanbeinterpretedin thesamemannerasthejump
andincreaseafterthesecondtorquechange.Thetimehistoryin
Fig 12dfor datarecord230showsevenmoremergingof wave-
formson thescaleof thegear-toothto a longerwavelength.

All changesafter the final torque definitively indicate
changesin the stateof the gear. The steepjump in residual
andabruptchangesin the coefficientsof the modelsoccurred
neardatarecord240 indicatingan abruptchangein the gear.
Changesindicatingdiscretechangesin thegearconditionalso
occurredneardatarecords285,400and410.

For the last 9 data records,the coefficients of the models
show moredrasticchangethantheresidual.Many of thecoeffi-
cientsincreaseby a factorof 2 or moreovera few datarecords
thendecreaseto low levels while the residualincreasesor re-
mainshigh. Very severedamageprobablyoccursover the last
severaldatarecords.

Residualsfrom modelsof thedifferenttime-frequency anal-
yseshave somedifferent characteristics.Residualsfrom the
modelof the CWT indicatedproblemswith the test rig more
thantheothertime-frequency transforms.TheWV-CW model
gavetheclosestfit to thedatain thetrainingsetandits residual
rosemore than for other models. All of the residualson the
differentaccelerometersshowed indicationsof damageto the
piniongear.

Whenthelevel of theresidualfrom modelingindicatesdam-
agemayexist in machinery, moreinformationcanbeobtained
in the modelingby further examinationof the residual. If the

damageis of a local nature,the time-frequency representation
of theresidualwill show structureslocalizingthedamage.Such
structureswere observed in the measurementsof currenttest
waveformschangingsizefrom 1/19of a rotationto about2/19
of a rotation. Examinationof such residualsfrom different
kindsof faultsin differentmachinerymight leadto theability
to classifythedamage.

The time-frequency analysesdistinguisheventsat distinct
times, so signalsusedin the modelingmust be consistently
synchronized.When the interruptersignal usedfor synchro-
nizationis on thesameshaftasthegearbeinganalyzed,there
is no alignmentproblem. Whenthe phasealignmentqueueis
from a shaftspinningat a differentfrequency somethingmust
bedoneto accountfor theproperphase.Oneoptionis to align
thedatawith a circularcorrelationcorrection.Anotheroption
is to usesynchronouslyaverageddatafrom all possiblephase
alignmentsof thegearin thetrainingset.

The modelingin the currentwork doesnot accountfor the
nonlineardependenceof the vibration signal on torque. The
modeling should be developedto incorporatethe signal de-
pendenceon torqueandpossiblyother operatingparameters.
A nonlinearextensionof Principal ComponentAnalysis [38]
mightaccomplishthis.

TheSVD modelingof thetransformeddatacanbedeveloped
intoanautomaticfaultdetectorfor useonmachinery. Extensive
training and test setscovering all operatingconditionsof the
gearareneeded.Thedistribution of thenormalizedrmsresid-
ualcanthenbedeterminedby thehistogramfor thetrainingand
testsets.With thedistribution thetrigger level on thenormal-
ized rms residualcanbe set to yield a given falsealarmrate.
The sensitivity of the fault detectioncanbe investigatedwith
testrig dataof gearswith andwithout faults. The falsealarm
ratecanbeinvestigatedwith measurementsmadein flight. This
fault detectionwill havethecombinedbenefitsof sensitivity to
faultsthatproducechangesin thetime-frequency analysesand
theability to automatefaultdetectionwith asinglenumbermet-
ric.

Conclusion

The Short Time Fourier Transform,the Choi-Williams mod-
ified versionof the Wigner-Ville Transform,the Continuous
WaveletTransformandtheDiscreteWaveletTransformall re-
vealchangesin thevibrationmeasurementsof adamagedspiral
bevel piniongear.



The Choi-Williams modified version of the Wigner-Ville
Transformand the ContinuousWavelet Transformboth use
considerablymore computationalresourcesthan the Short
TimeFourierTransformandtheDiscreteWaveletTransform.

A singlenumbermetricapplicableto automaticfault detec-
tion was introducedthat can be producedfrom any system-
aticnumericalrepresentationof thevibrationsignals.Vibration
measurementsof the gearoperatingwithout faultsareneeded
to generatethemodelusingthemetric.

The new metric revealedindicationsof test rig problems
with the ContinuousWavelet Transform,thus indicating the
additionalcomputationalresourcesneededfor the Continuous
WaveletTransformaddvalue.

More testingof the new metric is neededto determineits
valuefor automaticfault detectionandto developmethodsof
settingthethresholdfor themetric.
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