Self-dissimilarit y as a high dimensional complexit y measure

David H. Wolpert and William Macready!
INASA Ames Resarch Center, Mo®ett Field, CA 94035,
f dhw@email.arc.nasa.gov,wgm@email.arc.nasa.gov

For many systems characterized as \complex" the patterns exhibited on di®erert scalesdi®er
markedly from one another. For example the biomass distribution in a human body \lo oks very
di®erert" depending on the scale at which one examinesit. Conversely, the patterns at di®erert
scalesin \simple" systems (e.g., gases,mountains, crystals) vary little from one scaleto another.
Accordingly, the degreesof self-dissimilarity between the patterns of a system at various scales
constitute a complexity \signature" of that system. Here we presert a novel quanti cation of self-
dissimilarit y. This signature can, if desired, incorporate a novel information-theoretic measure of
the distance between probabilit y distributions that we derive here. Whatever distance measure is
chosen, our quanti cation of self-dissimilarity can be measuredfor many kinds of real-world data.
This allows comparisons of the complexity signatures of wholly di®erert kinds of systems (e.qg.,
systems involving information density in a digital computer vs. species densities in a rain-forest
vs. capital density in an econory, etc.). Moreover, in contrast to many other suggestedcomplexity
measures,evaluating the self-dissimilarity of a system does not require one to already have a model
of the system. These facts may allow self-dissimilarity signatures to be used as the underlying
obsenational variables of an eventual overarching theory relating all complex systems. To illustrate
self-dissimilarity we presert seweral numerical experiments. In particular, we show that underlying
structure of the logistic map is picked out by the self-dissimilarity signature of time series' produced

by that map.

I. INTR ODUCTION

The seard for a measurequantifying the intuitiv e no-
tion of the \complexity" of systemshas a long history
[1, 6]. One striking aspect of this seard is that for al-
most all systemscommonly characterizedascomplex,the
spatio-temporal patterns exhibited on di®eren scalesdif-
fer markedly from one another. Conversely for systems
commonly characterized as simple the patterns are quite
similar.

The human body is a familiar example of such self-
dissimilarity; as one changesthe scale of the spatio-
temporal microscope with which one obsenesthe body,
the pattern one seesvaries tremendously. The (out of
equilibrium) terrestial climate system is another excel-
lent illustration, having very di®erert dynamic processes
operating at all spatiotemporal scales,and typically be-
ing viewed as quite complex. Complex human artifacts
also share this property, as anyone familiar with large-
scaleengineeringprojects will attest.

Conversely the patterns at di®erent scalesin \sim-
ple" systemslike gasesand crystals do not vary signi -
cartly from one another. Similarly, onceit hasfossilized
a deadorganismis static acrosstime, i.e., completely self-
similar along the time axis. What relatively little spatio-
temporal complexity it still possessess purely spatial,
a relic of its complex past. Based on such examples,
we arguethat it is the selfsimilar aspects of simple sys-
tems, as revealed by allometric scaling, scaling analysis
of networks, etc. [7], that re°ects their inherently sim-
ple nature. Suc self-similarity meansthat the pattern
acrossall scalescan be encaded in a short description for
simple systems,unlike the pattern for complex systems.

More generally, even if one could nd a system com-

monly viewed as complex that was clearly self-similar in
all important regards,it is hard to seehow the samesys-
tem wouldn't be consideredeven more \complex" if it
were self-dissimilar. Indeed, it is hard to imagine a sys-
tem that is highly self-dissimilarin both spaceand time
that wouldn't be consideredcomplex.

Accordingly, it is the self-dissimilarity (SD) between
the patterns at various scalesthat constitutes the com-
plexity \signature" of a system[11]. Intuitiv ely, such a
signature tells us how the information and its process-
ing [2] at one scalein a systemis related to that at the
other scales. Highly di®erert information processingat
di®erer scalesmeansthe systemis excient at encading
asmuch processinginto its dynamics aspossible. In con-
trast, having little di®erencebetweenthe various scales,
i.e., high redundancy; is often assiated with robustness.

The simplest version of suc a signature is to reduce
all of the patterns to a single number measuring their
aggregateself-dissimilarity. This would be analogousto
conventional measureswhich quantify a system's\com-
plexity" as a single number [12]. We can usericher sig-
natures howewver. One is the symmetric matrix of the
dissimilarity valuesbetweenall pairs of patterns at dif-
ferent scales.More generally, say we have a dissimilarity
measurethat can be usedto quartify how \spread out"
a set of more than two patterns is. Then we can measure
the spread of triples of scale-indexedpatterns, quadru-
ples, etc. In such a situation the signature could be a
tensor, (e.g., a real number for ead possible triple of
patterns), not just a matrix.

SD signaturesmay exploit model-basedunderstanding
about the systemgeneratinga data set of spatio-temporal
patterns (for example, to statistically extend that data
set). Howewver they are functions of such a data setrather



than of any model of the underlying system. Soin con-
trast to someother suggestedcomplexity measureswith
SD one doesnot needto understand a system and then
expressthat understanding in a formal model in order
to measureits complexity. This is important if one's
complexity measureis to serwe as a fundamertal obser-
vational variable usedto gain understanding of particular
complex systems,rather than asa post-hoc characterizer
of such understanding.

Indeed, one application of SD is to (in)validate mod-
els of the system that generateda dataset, by compar-
ing the SD signature of that dataset to the signature of
data generated by simulations based on those models.
Model-independencealso meansthat the SD complexity
measurecan be applied to a broad range of (data sets
assaiated with) systemsfound in nature, thereby poten-
tially allowing us to compare the processesunderlying
those types of systems. Such comparisonsneed not in-
volve formal models. For example, SD signatures can
be viewed as machine learning \features" synopsizinga
dataset [3]. Given multiple sudch datasetsthe assaiated
SD signatures/features can be clustered. This may re-
veal relationships betweenthe systemsunderlying those
datasets. We can do this even when the underlying sys-
tems live in wholly di®eren kinds of spacessincewe are
characterizing (the datasetsgeneratedby) those systems
with their SD signatures, and those signaturesall live in
the samespace(e.g., real-valued matrices). In this way
clustering can generatea taxonomy of \kinds of systems"
that sharethe samecomplexity character. SD signatures
can also serwe as supervised learning predictor variables
for extrapolating a dataset (e.g., into the future, asin
non-linear time-series prediction). In all this, SD sig-
natures are \complexit y-based" analoguesof traditional
measuresusedfor these purposes,e.g., power spectra.

The “rst formalization of SD appearedin [11]. This pa-
per begins by motivating a new formalization. We then
presert seweral examplesof that formalization. Next we

presert a discussionof information theoretic measures

of dissimilarity betweenprobability distributions, anim-
portant issueof SD analysis. We end by illustrating SD
analysiswith seweral computer experimerts [13]. We end
by discussingsomeof the broader cortext of the notion
of self-dissimilarity

Intuitiv ely, a number quartifying the self-simmilarity
of a system(e.g., its fractal dimension)is akin to the “rst
momert of a distribution, with the self-dissimilarity be-
ing analogousto the higher-order momerts. Our certral
thesis is that just as the higher higher-order momerts
capture much that is important concerning a distribu-
tion, the self-dissimilarity signature of a system| that
which is not captured in the self-simmilarity value |
capture much that is important concerningthat system.
We do not claim that self-dissimilarity captures all that
is important in complex systems. We only suggestthat
self-dissimilarity is an important componert of complex-
ity, one with the novel advantage that it can actually
be ewvaluated for many di®erer types of real-world sys-

tems, asdemonstrated by the quanti cation of it that we
presert below.

Furthmore, we do not claim that our particular
guarti cation of it is the best way to measure self-
dissimilarity. There are many other quarti cations that
bear investigating, e.g., Fourier decompositions, wavelet-
basedanalysis, multi-fractals, etc. They seemto be ill-
suited in various ways for our purposes. For example,
corvertional Fourier decompositions and wavelet analysis
doesnot directly compare patterns at two scales;rather
they quantify \what is left over" at the ner scaleafter
the coarserscaleis accourted for. But it may well turn
out that somevariant of them is the best quanti cation
of self-dissimilarity.

Il. FORMALIZA TION OF
SELF-DISSIMILARITY

There are two fundamental stepsin our approac to
constructing the SD signature of a dataset.

The rst stepis to quantify the scale-degndert pat-
terns in the dataset. We want to do this in a way that
treats all scalesequally (rather than taking the pattern
at onescaleto be what's \left over" after “tting the pat-
tern at another scaleto a data set, for example). We
alsowant to minimize the a priori structure and assai-
ated statistical artifacts introducedin the quanti cation
of the patterns. Accordingly, we wish to avoid the use
of arbitrary bases,and work with ertire probability dis-
tributions rather than low-dimensional synopsesof such
distributions.

The secondfundamertal step in forming a SD sigha-
ture is numerically comparing the scale-degndent pat-
terns, which for us meanscomparing probability distri-
butions. We illustrate thesestepsin turn.

A. Generation of scale-indexed distributions

1. Let " be the elemen in a space Qo whose self-
dissimilarity interests us. Usually g° will be a data
set, although the following holds more generally.

2. Typically there is a set of transformations of g°
that we wish our SD measureto ignore. For exam-
ple, we might want the measureto give the same
value when applied both to animageand to a slight
translation of that image. We start by applying
those transformations to q°, thereby generating a
set of elemerns of Qqg. Taken as a whole, that set
is \cleansed" of what we wish to ignore. Formally,
we quartify sud an invariance we wish to ignore
with a function g that maps any gy 2 Qg to the
set of all elemens of Qg related by our invariance
to that qu. We will work with the ertire set g(q”)
rather than (as is often done) a lower-dimensional
synopsis of it. In this way we avoid introducing



statistical artifacts and the issueof how to choose
the synopsizingfunction.

3. In the next step we apply a seriesof scale-indexed
transformations to the elemers in g(q”) (e.g., mag-
ni cations to di®erert powers). The choiceof trans-
formations will depend on the precise domain at
hand. Intuitiv ely, the scale-indexedsets produced
by thesetransformations are the \patterns" at the
various scales.They re°ect what oneis likely to see
if the original g” were\examined at that scale",and
if no attention were paid to the transformations we
wish to ignore.

We write this set of transformations as the p-
indexed set Wy, : Qo 7! Qi (M is the generalized
notion of \scale"). Soformally, the secondstep of
our procedureis the application of W, to the ele-
mens in the set g(g”) for many di®erert p values.
After this step we have a p-indexed collection of
subsetsof Q;. Each suc collection constitutes a
pattern of ponts at the assaiated scale.

Note that we again work with full distributions
rather than synopsesof them. This allows us to
avoid spatial averagingor similar operations in the
W,,, and thereby avoid limiting the typesof Qg on
which SD may be applied, and to avoid intro ducing
statistical biases.

4. The pattern at ead scale, a set, is a probability
distribution p*. At this point in the procedure
we may elect to use machine learning and avail-
able prior knowledge [3] to transform p*, e.g., by
smoothing it. Suc a step, which we use in our
experiments reported below, can often help us in
the subsequeh quanti cation of the dissimilarities
betweenthe scales'patterns. More generally, if one
wishesto intro duce model-basedstructure into the
analysis, it can be donethrough this kind of trans-
formation [14].

B. Quan tifying dissimilarit y among multiple
probabilit y distributions

Applying the precedinganalysisto a g will give us a
collection of distributions, f p+g, one sucd distribution for
ead value of . All those distributions are d ned over
the samespace,Q;. It is this collection as a whole that
characterizesthe system's self-dissimilarity.

Note that di®erent domains Qg will have di®erert
spacesQ;. Soto be able to use SD analysis to relate
many di®erert domains, we needto distill eady domain's
collection f p*g, consisting of many distributions over the
assaiated Q,, into values in some common tractable
spaceQ”. In fact, often there is too much information in
a collection of distributions over Q, valuesfor them to be
a useful way of analyzing a system; even when just ana-
lyzing a single system by itself, without comparing it to

other systems, often we will want to distill its collection
down to a tractable characterization, i.e., to an elemen
of Q°.

Now what we are ultimately interested in concerning
any such collection is the dissimilarity of the distribu-
tions comprising it. So a natural choice for Q" is one or
more real numbers measuringhow \spread out" the dis-
tributions in any particular collection are. Accordingly,
we need a measure¥zquartifying how spreadout an ar-
bitrary collectionof distributions is.

We want to use¥:both to quartify the aggregateself-
dissimilarity of an entire collection, and to quartify the
dissimilarity betweenany pair of distributions from the
collection. More generally, we would like to be able to
use ¥2to quartify the dissimilarity relating any n-tuple
of distributions from the collection. Ideally then, such a
measure¥20of how \spread out" a collections of distribu-
tions is should:

1. Obey the usual properties of a metric whenit takes
two argumerts, i.e., obey the usual propertieswhen
comparing two distributions ead of which is just
a single delta function. More generally it should
obey the extension of those properties appropriate
for whenthere are more than two argumerts, andin
particular the extensionsfor when those argumerts
are sets of multiple distributions) [10];

2. Be "nite even for the delta-function distributions
commonly formed from small data sets;

3. Be quickly calculable even for large spaces;

4. Have a natural interpretation in terms of the to-
tal amount of information stored in its (probabilit y
distribution) argumerts.

Until recertly, perhaps the measure best satisfying
these desiderata was the Jensen-Shannon(JS) distance
[2], i.e., the entropy of the average of the distributions
minus the averageof their entropies. Howewer this mea-
sure fails to satisfy 1. In Section IV we presen an al-
ternativ e, which like JS distance obeys 3 and 4, and may
be better suited to SD analysis. (It is unclear whether it
obeys1.)

Recern work hasuncovered many multi-argument ver-
sions of distance, called multimetrics [10]. These obey
1 through 2 by construction, and many of them obey 3 as
well. Theseare what we actually usein our experimerts.
However the multimetrics uncoveredto date do not obey
4,

111, EXAMPLES

To ground the discussionwe now preseri someexam-
ples of the foregoing:

Example 1: Qg is the space of real-valued functions
over a Euclidean spaceX, e.g., a spaceof images over



X 2 X. If we wish our measureto ignore a set of
translations over X then g(qp) is that set of translations
of image qo. Thus if g° = f(x) then g(q°) is the set
ff(xi xp);f(xji Xx2);¢eg where x; are translation vec-
tors. Each W, is magni cation by p followed by window-
ing about the origin so that only the local structure of
the image around x; is considered.Soif T is an operator
which truncates an image f (x) to a window around the
origin then Wy(g(c)) = fTIf (L) TIF (*112)]; ¢eeg.
Accordingly eac g © TI[f (*.)] is a real-valued func-
tion over a subspaceof X .

If wediscretize X into n bins, we can cornvert eat suc
function into an elemen of R". In this way ead scale's
(‘nite) set of functions gets converted into a ( nite) set
of Euclidean vectors.

While multimetrics generalizeto distancesbetweenob-
jects which are not probability densities,to apply the JS
or Kullback-Leibler (KL) distance[2] to our scale-indexed
sets of vectors we needto cornvert them to probabilities.
Say the range of the functions over X making up Qq were
“nite rather than all of R (e.g., if the range were a "nite
set of possiblenumeric readingson an obsenation appa-
ratus.) In this caseour \v ectors" would be xed-length
strings over a nite alphabet (seeEx. 2). In this case
we could cornvert ead set of \v ectors" to a probability
simply by setting that probability to be uniform over the
elemers of the setand zeroo®it. For real-valued vectors
this is typically ill-b ehaved (the support of the distribu-
tion hasmeasure0). Sowe must run a density-estimation
algorithm to convert eac nite setof vectorsin R" into
a smooth probability density acrossR".

In real-world imagesmade via a noisy obsenation ap-
paratus typically there is intrinsic blurring that biases
nearby points in the image to have similar intensities.
We can choose our density estimation algorithm to re-
°ect that e®ectdirectly. For example, with a Bayesian
density estimation algorithm, we can build the blurring
operator into the likelihood function. Alternativ ely, we
can capture such blurring e®ectsdirectly in the set of
transformations g, by by expanding that set to include
localized blurring transformations.

Howewer they are produced, we need a way to con-
vert our set of density functions (one for ead scale)into
a SD signature. The simplest approadc is to form the
symmetric matrix of all pairwise comparisonswhosei, |
elemen is the multimetric (or JS distance or what have
you) betweenthe probability of 1 and that of | .

All of this can be naturally extendedto \images" that
are not real-valued functions, but instead take on values
in some other space (e.g., of symbols, or of matrices).
For example, an elemen of Qg could be the positions of
particles of various typesin R3.

Note that q° may itself be generated from an obser-
vational windowing process. This may be accounted for
in a likelihood model P(Djgy) which smooths intensities
and admits Gaussiannoise.

Example 2: This exampleis a variant of Ex. 1, but

is meart to corvey the generality of what \scale" might

mean. We have the sameQg and g asin Ex. 1. How-

ever sy we are not interested in comparing a q° to a
scaledversion of itself. Instead, eat u represens a set
of n vectorsfvi(1) 2 Xg. Then have W,(tp) be the n-

vector\stencil” (go(v1(K)); to(V2(H)); ¢6¢cp(vn (W)). Then

we could have ¥2be any distance measureover setsof vec-
tors in Q; = R", asdiscussedin Ex. 1. (The di®erence
with EX. 1isthat herewe arrived at those vectors with-

out any binning.)

As an example, we could have stencils consist of two
points, with v; = 0 for all y, and then have v, = pa,
where the vector a is the samefor all . In this example
W, isolatesa pair of points separatedby a multiple p of
the vector a. So our self-dissimilarity measurequarnti es
how the patterns of pairs of points in f separatedby pa
change as one varies i Another possibility is to have
v1 = Ry(a), whereR (9 is rotation by p. In this caseour
measure quanti es how the patterns of pairs of points
changesas one rotates the space.

Another important extensionis wheren > 2, so that
we aren't just looking at pairs of points. In particular,
say X is N-dimensional, and have v; = pa; 8i, where
ead g is a vector in X, a; equaling 0 and p being the
scale,asusual. Then we might want to have the distances
betweenany pair of points in a scale'sstencil, jua; j pa; j,
be a constart times |, independert of i and j. This
would ensurethere is no \cross-talk" betweenscales;all
distancesin a scale'sstencil are identical. To obey this
desideratumrequiresthat the underlying stencil f ajg be
a tetrahedron, of at most N + 1 points.

Example 3: This exampleis the sameas Ex. 2, ex-
cept that X is an M -dimensional in nite lattice rather
than a Euclidean space,and g and the W,, are modi ed
appropriately. For instance, we could have M = 1 and
have symbolic-valued functions f, sothat an elemen of
G is a symbolic time series. Take n = 2, with v, = 0,
and v, = {, a how being an integer. Sincethe range of
f is now a nite setof symbols rather than the reals, we
do not needto do any binning or even density estima-
tion; eadr W, (9(g")) is a histogram, i.e., it is already a
probability distribution.

Since distributions now are simply vectors in a Eu-
cliean space, we can measure their dissimilarity with
something as unsophisticated as L, distance. Alterna-
tively, as before, we can compare scalesby using JS
distance for Y2 In this case our SD measureis an
information-theoretic quanti cation of how time-lagged
samplesof the time-series gy di®er from ead other as
one changesthe lag size.

Having n > 2 allows even more nuanced versions of
this quarti cation. Furthermore, other choicesof ¥2(de-
scribed below) allow it take more than two setsat once
asargumerts. In this case,Y2takesan ertire set of time-
lagged samples,running over many time lags, and mea-
sureshow \spread out" the members of that full setare.

These measures complemert more cornvertional



information-theoretic approacesto measuring how the
time-lagged character of gy varieswith lag size. A typical
sud approac would evaluate the mutual information be-
tweenthe symbol at a random point in gy and the symbol
U away, and seehow that changeswith . Sudh an ap-
proach comparessingletons: it seeshow the distribution

of symbols at a single point are related to the distribu-

tion of symbols at the single time-lagged version of that

point. These new measuresinstead allow us to compare
distributions of n-tuples to one another.

Example 4: This is a dramatically di®erert example
to show that self-dissimilarity can be measuredfor quite
di®erert kinds of objects. Let Qg be a spaceof networks,
i.e., undirected graphswith labelednodes. Have g(qo) be
the set of relabelings of the nodes of network gp. Sud
relabelings are what we want the SD analysisto ignore.

Have each W, run a decimation algorithm on ¢, with p
parameterizing the precisealgorithm used. Each such al-
gorithm iterativ ely grows outward from some xed start-
ing (p-independent) node a, tagging some nodes which
it passesover, and removing other nodesit passesover.
Changing u changesparameters of the algorithm, e.g.,
changeswhich iterations are the onesat which nodesare
removed. Intuitiv ely, eadh algorithm W, demagni esthe
network by decimation, and then windows it. Di®eren
W,, demagnify by di®erert amourts.

More precisely at the start of ead iteration t, there is
a subsetof all the nodesthat are labeled the \current"
nodes for t. Another subset of nodes, perhaps overlap-
ping those current at t, constitutes the \tagged" nodes.
During the iteration, for ead current node i, a set of
non-tagged nodes S; (i) is chosenbasedon i. For exam-
ple, this could be doneby looking at all non-taggednodes
within a certain number of links of i. Then a subset of
the nodesin S;(i) is removed, with compensating links
added as needed. The remaining nodesare addedto the
set of tagged nodes, and a subsetof them are addedto a
set of nodesthat will be current for iteration t+ 1. Then
the processrepeats.

At the earliestiteration at which the number of tagged
nodesis at leastN , the iterations stop, and all remaining
nodesin gy are removed. Some xed rule is then usedfor
removing any excessnodesto ensurethat the nal net
has exactly N nodes. (Typically N is far smaller than
the number of nodesin ¢y.) Y2canthen be any algorithm
for measuring distance between sets of identically-sized
networks.

IV.  DISSIMILARITY OF PR OBABILITY
DISTRIBUTIONS

In the experiments preseried below, we useone of the
multimetrics discussedin [10]. However other measures
could be used, and in particular it is worth brie°y dis-
cussingmeasuresderived from information-theoretic ar-
gumerts concerningthe distancebetweenprobability dis-

tributions.

The most commonly usedway to de ne a distance be-
tween two distributions is their KL distance. This is
the innite limit log-likelihood of generating data from
one distribution but mis-attributing it to the other dis-
tributions. Unfortunately, the KL distance betweentwo
distributions is in nite if either distribution has points
at which it is identically zero; violates the triangle in-
equality; is not even a symmetric argumert of its two
argumerts. (It is non-negative though, equaling zero i®
its two argumerts are identical.)

Someproposalshave been made for overcoming some
of these shortcomings. In particular, the JS distance be-
tween two distributions does not blow up and is sym-
metric. However it violates the triangle inequality [4, 9].
A more important problem for us is that it is not clear
that JS distanceis the proper information-theoretic mea-
surefor SD analysis. Toillustrate this it helpsto consider
an alternativ e information-theoretic measurefor distance
betweenprobability distributions, by modifying the type
of reasoningoriginally employed by Shannon.

Say we have a setof K distributions f¥4g. (For usthat
setis generatedby application of g and the members of
fW,g, asdiscussedabove.) Intuitiv ely, our alternativ e to
JS distance quanti es how much information there is in
the knowledge of whether a particular x was generated
from one memnber of f ¥4g or another. To do this we sub-
tract two terms, ead being an averageover all possible

duced by simultaneously sampling eac of the K distri-
butions, so that ead x; is a sample of the assiated
Y. The summand of the secondaverageis the informa-

version of the joint distribution, in which all information
about which distribution generatedwhich x is averaged
out. Intuitiv ely, the di®erencein these averagestells us
how much information there is in the labels of which dis-
tribution generateswhich x:

P Q
. 1 P >
AfYg) = i YA(xi)In JQW (1)
X1:X2;¢¢¢ i« 7 (%)
P ,
wherethe  , notation meansa sum over all permuta-

tions of the f x; g that rearrangesthem asthe Pfx; g, and
the sum is over all such permutations.

Being a KL distance, this Y2equals0 when all the dis-
tributions are equal, and is never negative. It is not yet
known though if it is a full-blown multimetric.

V. EXPERIMENTS

We illustrate the SD framework with two simple sets
of computational experiments. The datasets (i.e., the
Oo's) in all the experimernts are functions over either one-
dimensional or two-dimensional nite lattices. The SD
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FIG. 1: Self-dissimilarity signatures of binary datasets. Blue
indicates low dissimilarity (high similarity), and red indi-
cates high dissimilarit y (low similarit y): (a) the repeating se-
quence 1111100000,(b) the repeating sequencel1111111000,
(c) a quasi-periodic sequence,(d) the cantor set. For ead
of these datasets the aggregateself-dissimilarity of the assai-
ated scale-indexedset of distributions are 15.5. 13.9,50.3, and
2.4 respectively. All signatures were obtained using a window
of length 9. The signatures (f) and (h) are from the satellite
images (e) and (g) over Baja California and Greenland re-
spectively. A 3x3 window was used for these two-dimensional
images.

analyseswe employed were special casesof Ex. 3, using
a squareobsenation \window" of width w to specify the
W,,.

Tn our rst experiments our datasets were binary-
valued (i.e., eah ¢y was a map from a lattice into B).
Accordingly, the task of estimating ead scale'sprobabil-
ity density, p*, simpli es to estimating the probability of
sequencef w bits. For small w this can be done using
frequency counts (cf. Ex. 3.). We then useda modi ed
bounding box multimetric[10]:

X .
Wptpt;00e) = | 14 max p}“;pi“z;¢¢¢¢ )

wherepl is the i'th componert of the w-dimensional Eu-
clidean vector p*. Note that being a multimetric, this
measure can be used to give both the aggregate self-
dissimilarity of all distributions fpHg as well as the dis-
tance betweenany two of the distributions.

The pairwise (matrix) SD sighaturesof six datasetsare
preseried in Fig. 1. The integrals were all evaluated by
Monte Carlo importance sampling. The periodicity of the
underlying data in 1(a),(b) is re°ected in the repeating
nature of the SD signature. The quasiperiodic dataset,
1(c) shaws hints of periodicity in its signature, and signif-
icantly greater overall structure. The fractal-lik e object
1(d) shows little overall structure (beyond that arising
from Tnite-data-size artifacts). 1(e),(g) show results for
satellite imageswhich have been thresholded to binary

values.

Note that the aggregate self-dissimilarity values are
far from zero. To a degreethis is due to edge e®ects
and other statistical artifacts. Howewver even without
such artifacts onewould expect a non-zeroaggregateself-
dissimilarity for the periodic data. The reasonis that our
window width is on the order of the period of the system.
An analogy is a crystal examined with a window on the
scaleof the lattice spacing. While such a crystal would
appear roughly self-similar for windows extending over a
large number of lattice cells, whenthe window width is of
the order of the lattice spacing,the pattern doeschange
as one magni es the data. Examined for window widths
around the lattice spacing,the systemis not self-similar.

Clustering of our 6 datasetsis doneby nding the par-
titions of (a), (b), (c), (d), (f), (h) which minimize the
total intra-group multimetric distance. For 2 clustersthe
optimal grouping is [(a)(b)(c)(f )(h)] and [(d)]; for 3 clus-
ters the best grouping is [(a)(b)(c)], [(d)], and [(f)(h)];
for 4 clusters the best grouping is [(a)(b)(c)], [(d)], [(F)],
and [(h)]; and for 5 clusters the best grouping is [(a)],
[(P)(©)]. [(A)]. [(F)], and [(h)].

We also provide results for the time seriesgenerated
by the logistic map x{+1 = rx¢(1j Xt), whereasusualr
is a parameter varying from Oto 4and 0- x; - 1[15].

We iterated the map 2000times beforecollecting data,
to ensurethat the data is taken from the attractor. For
ead r-dependert time serieson the attractor we generate
a self-dissimilarity signature by taking g to be possible
initial conditions xg, and W, to be a decimation and
windowing, asin Ex. 3. W, acts on a real-valued vector
X = [X1; X2; ¢¢¢] to return a vector of length 3 whosecom-
ponerts are xX1; X1+ u; X1+2  Wherethe allowed valuesfor p
are the positive integers. g and W,, produce points in RS.
Note that in these experiments ead p* is a probability
density function over R3. We estimated ea such p* by
certering a zeromean spherical Gaussianon every vector
in the assaiated W, [g(0p)], with an overall covariancede-
termined by crossvalidation. We again useda modi ed
bounding box multimetric [10] of Eq. (2) modi ed for
cortinuous probability densities. The resulting integral
was evaluated by Monte Carlo importance sampling.

The aggregatecomplexity results are presened asthe
solid red line of 2. The resultscon rm what we would like
to seein a complexity measure. The measurepeaksat the
accurrulation point and is low for smallr (wherethereisa
“xed point) and larger (wherethe time seriesis random).
Additional structure is seenfor r > 3:57, paralleling the
complexity seenin the bifurcation diagram of the logistic
map.

To investigate the e®ectsof noise on the SD measure
we contaminated all time seriesthe zero mean Gaussian
noise having standard deviation of 0.001, and applied
the samealgorithm. The resulting aggregatecomplexity
measureis plotted as the black dashedline of 2. The
major featuresof the aggregateSD measureare presened
but with someblurring of ne detail.
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FIG. 2: Aggregrate SD complexity measureas a function of r
(red line) for the time seriesgenerated from the logistic map
Xt+1 = rX¢(1j X¢). The dashed black line corresponds to a
noisy version of the data where zero mean Gaussian noise has
beenadded.

Vl.  DISCUSSION

Most  systems commonly viewed as com-
plex/in teresting have been constructed by an ewo-
lutionary process(e.g. life, culture, intelligence). If
we assumethat there is some selectie advantage in
such systemsfor maximizing the amount of information
processingwithin the system's volume, then we are led
to consider systemswhich are able to processinforma-
tion in many di®erert ways on many spatio-temporal
scales,with those di®erert processesall communicating
with one another. By exploiting di®erent scalesto run
di®erert information processing,sud systemsare in a
certain sensemaximally densewith respect to how much
information processingthey achieve in a given volume.
Systems processing information similarly on di®eren
scales, or even worse not exploiting di®erent scales
at all, are inexcient in their information-processing
capabilities.

Despite thesepotential bene ts of multi-scale informa-
tion processing,explicitly constructing a system which
engagesn sud processingis not trivial. Even specifying
the necessarydynamical conditions (e.g., a Hamiltonian)
for a systemto support multi-scale information process-
ing appearsdizcult. Tellingly, it is also ditcult to ex-
plicitly construct a physical systemthat engagesn what
most researtiers would consider \life-lik " behavior, or
onethat engagesn \in telligent" behavior; our hypothe-
sisis that this is not a coincidence,but re°ects the fact
that such systemsengagein multi-scale information pro-
cessing.

In this paper, rather than try to construct systemsthat
engagein multi-scale information processing,we merely
assumethat nature has stumbled upon ways to do so.
Our presen goal is only to determine how to recognize

and quarntify such multi-scale information processingin
the “rst place, and then to measuresuc processingin
real-world systems. Future work would integrate sud
real-world self-dissimilarity data into a theoretical frame-
work.

In this regard, note that to make maximal use of the
di®erert compuational processesat di®erern scales,pre-
sumably there must be excient communication between
those processes.Sud inter-scale communication is com-
mon in systemsusually viewed as complex. For example,
typically the e®ectsof large scale occurrences(lik e bro-
ken bonesin organisms) propagateto the smallestlevels
(stimulating bone cell growth) in complex systems. Sim-
ilarly, slight changesat small scales(the bankruptcy of a
“rm, or the mutation of a gene)can have marked large-
scale(industry-wide, or body-wide) e®ects.

It is generally agreedthat any \in telligent" organism
has a huge amount of adaptively formed extra-genetic
information-pro cessingconcerning the outside world, in
its brain. The information-pro cessingn the brain of such
an organism is tightly and extensivwely coupled to the
information processingof the outside world. Now that
outside world is physically a scaleup from the organism.
Soan\in telligent" organismis a subsystemof the world
that hasthe sametype of computational coupling with
the larger scalesof the world that living, complex organ-
isms have between the various scaleswithin their own
bodies.

On the other hand, for a complex systemto be stable
it must be robust with respectto changesin its environ-
ment. This suggeststhat the e®ectsof random pertur-
bations on a particular scale should be isolated to one
or a few scaleslest the full system be prone to collapse.
To this extent scalesmust be insulated from ead other.
Accordingly, as a function of the noise inherert in an
ervironment, there may be very preciseand constrained
ways in which scalescan interact in robust systems. If so
it would be hoped that when applied to real-world com-
plex systemsa self-dissimilarity measurewould uncover
such a modularity of multi-scale information processing.

Puzzleslike how to decidewhether a system\is alive"
are renderedmoot if approached from the perspective of
self-dissimilariy. We argue that sud puzzlesarise from
trying to squeezephysical phenomenainto pre-existing
theoretical models (e.g., for models concerning\life” one
must identify the atomic units of the physical system,
de ne what is meart for them to reproduce, etc.). We
instead view life asa characteristic signature of a system's
self-dissimilarity over a range of spatio-temporal scales.
In this view life is more than a yes/no bit, and even more
than a real number signifying a degreelit is an ertire
signature.

It may be possibleto use such self-dissimilarity sig-
natures to compare entirely di®erern kinds of systems.
This would allos us to addressquestionslike the follow-
ing: How doesa modern econony's complexity signature
compare to that of the organellesinside a prokaryotic
cell? What naturally occurring ecologyis most like that



of a modern city? What one is most like that of the
charge densities moving acrossthe internet? Can cul-
tures be distinguished accordingto their self-dissimilarity
measure?

By concerrrating on self-dissimilarity signatures we
can compare systems over di®erert regions of scales,
thereby investigating how the complexity character itself
changesasonevariesthe scale. This allows usto address
questions like: For what range of scalesis the assai-
ated self-dissimilarity signature of a transportation sys-
tem most like the signature of the current densitiesinside

a computer? How much is the self-dissimilarity signature
of the massdensity of the astronony-scale universelike
that of an ideal gaswhen examinedon mesoscopiccales,
etc.?
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